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AHHOTau,Ha 

Zaremba's conjecture (1971) states that every positive integer number d can be 
^SJ represented as a denominator (continuant) of a finite continued fraction ^ = [di,d2, ■ ■ ■ ,dk], 

1— I with all partial quotients di,d2, ■ ■ ■ ,dk being bounded by an absolute constant A. 

1^ Recently (in 2011) several new theorems concerning this conjecture were proved by 

I Bourgain and Kontorovich. The easiest of them states that the set of numbers satisfying 

PsJ Zaremba's conjecture with A = 50 has positive proportion in N. In this paper the same 

theorem is proved with A = 7. 
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Chapter I 
Introduction 

1 Historical background 

Let DIa be the set of rational numbers whose continued fraction expansion has all partial 
quotients being bounded by A : 



= <{ ^ = [di,d2, ... ,4] 



1 ^ dj ^ Afl^jisj = 1, . . . ,k 



where 

Ml,..., 4] = —^ (1.1) 

Cti + . 1 

dk 

is a finite continued fraction, di, . . . ,dk are partial quotients. Let be the set of denominators 
of numbers in 9^^: 

3b: {b,d) = l,^eU\A 



^A = <d 

And set 



:Da{n) = l^de^Ad^Ny 



Conjecture 1.1. (Zaremba's conjecture flM. p. 76], 1971 ). For sufficiently large A 
one has 
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That is, every d ^ 1 can be represented as a denominator of a finite continued fraction 
^ whose partial quotients are bounded by A. In fact Zaremba conjectured that A = 5 is 
already large enough. A bit earlier, in the 1950-th, studying problems concerning numerical 
integration Bahvalov, Chensov and N.M. Korobov also made the same assumption. But they 
did not publish it anywhere. Korobov [12] proved that for a prime p there exists a, such that 
the greatest partial quotient of ^ is smaller than log p. A detailed survey on results concerning 
Zaremba's conjecture can be found in [T], |llj. 

Bourgain and Kontorovich suggested that the problem should be generalized in the 
following way. Let ^ G N be any finite alphabet (|^| ^ 2) and let fH_4 and be the 
set of finite and infinite continued fractions whose partial quotients belong to A : 

= {[di, . . . ,dk] : dj e A, j = 1,. . . ,k} , 

= {[di, ...,dj,...] : dj e A, j = 1, . . .} . 

And let 

D_a{N) = Id d^ N,3b: {b,d) = l,^e^A 



d 

be the set of denominators bounded by A^. Let 5^ be the Hausdorff dimension of £,4. Then 
the Bourgain- Kontorovich's theorem [H p. 13, Theorem 1.25] ia as follows 

Theorem 1.1. For any alphabet A with 

1-^ = 0,983914..., (1.2) 

the following inequality (positive proportion) 

4^^a{N) » N. (1.3) 

holds. 



For some alphabets the condition (1.2) can be verified by two means. For an alphabet 
^ = {1, 2, . . . , A - 1, A} Hensley ^3] proved that 

6 1 721ogA ^ / 1 \ ,^ 

Moreover Jenkinson [7] obtained approximate values for some 5_a- In view of these results 
the alphabet 

{1,2,...,A-1,A} (1.5) 



with A = 50 is assumed to satisfy (1.2). Several results improving (1.3) were also proved in 
[T]. However, we do not consider them in our work. 



2 Statement of the main result 

First of all we must state one lemma [H, p. 46, Lemma 7.1.]. The proof of our main result 
is essentially based on this lemma. 

To begin with we describe all necessary objects. Let A^, X, F ^ 1 be real numbers and q 
be a positive integer. Moreover, let 77 = {x,yy,ri' = {u^vY G I? be vectors such as 

\v\ - T7> - X, {x,y) = 1, (M,f) = 1. 
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Lemma 2.1. ( fJl p. 46, Lemma 7.1.]) If the following inequality 

{qK)^ <Y <X, 

holds, then 



(mod q)\ 



(qKy 



(2.1) 



(2.2) 



The main result of the paper is the following theorem. 
Theorem 2.1. For any alphabet A with 

27- V633 



1 



16 



0,8849... 



the following inequality (positive proportion) holds 

#D^(iV) » N. 



(2.3) 



(2.4) 



Remark 2.1. It is proved fTj that 5-j = 0, 8889 .... From this follows that the alphabet 
{1, 2, ... ,7} satisfies the condition of Theorem 2.1. It is also proved in /?/ that for the alphabet 
A = {1, 2, . . . , 6, 8} one has = 0, 8851 .... Consequently, the alphabet A = {1, 2, . . . , 6, 8} 



also satisfies the condition of Theorem \2. 1 



Remark 2.2. It seems to follow from the proof of the Lemma 2.1 that the condition (2.1) 
can be replaced by a weaker one 



{qK)2B+' <Y <X. 



Then the statement of the Theorem 2. 1 holds with 

, 1 25 
Sa>1- 



114 + 2^2274 



0,8805, 



(2.5) 



(2.6) 



Remark 2.3. The proof of Lemma 2.1 given in the article jlj is based on the paper J^. 
In this article using the spectral theory of automorphic forms statements similar to Lemma 
\2.1\ are proved. In our next article we are going to prove a result similar to Lemma 2A_ using 
only estimates for Kloosterman sums. Certainly we are able to prove only a weaker result, 
however, it will suffice to prove that for the alphabet {1, 2, . . . , 12, 13} the inequality (2.4) 
holds. 



Remark 2.4. The proof of the Theorem 2.1 is based on the method of Bourgain-Kontorovich flj. 
In this article a new technique for estimating exponential sums taking over a set of continuants 
is devised. We improve on this method by refining the main set Qn. In this set is named 
as ensemble. 
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4 Notation 



Throughout eg = eo(^) G (0, 2^)- Fo^^ two functions f{x),g{x) the Vinogradov notation 
f{x) <^ g{x) means that there exists a constant C, depending on A,eQ, such that ^ 
Cg{x). The notation f{x) = 0{g{x)) means the same. The notation f{x) = Oi{g{x)) means 
that ^ gix). The notation f{x) x g[x) means that f{x) <^ g{x) ^ f{x). Also a 

traditional notation e{x) = exp{27Tix) is used. The cardinality of a finite set S is denoted 
either l^l or ^S. [a] and ||a|| denote the integral part of a and the distance from a to the 

nearest integer: [a] = max {2; G Z| ^ ^ a} , = min — a\ z & z| . The following sum 

^^1^ 1 is denoted as r(g). 

Chapter II 

Preparation for estimating exponential sums 
5 Continuants and matrices 

In this section we recall the simplest techniques concerning continuants. As a rule, all of 
them can be found in any research dealing with continued fractions. To begin with we define 
several operations on finite sequences. Let 

D = {di,d2,..., 4}, B = {bi, 62, • • • , K} (5.1) 

then D, B denotes the following sequence 

D,B = {di, 4, . . . , 4, bi, &2, • • • , K}- 

For every D from (5.1 ) let define D^, ^as follows 



D_ = {4, 4, • • • , 4}, D ={4,4,..., 4-i}, ^ = {4, 4-i, • • • , 4, 4}- 



We denote by [D] the continued fraction (1.1), that is [D] = [(ii,...,4]- And by {D) we 



denote its denominator {D) = {di, . . . , 4)- This denominator is called the continuant of the 
sequence D. The continuant of the sequence can also be defined as follows 

= 1, (4) =4, 
(4, . . . , 4) = (4, . . . , 4-i)4 + (4, • • • , 4-2), k^2. 

It is well known [13j that 

{D) = {5), [D] = [5] = (5.2) 

{D,B) = {D){B){1 + [5][B]). (5.3) 

It follows from this that 

{D){B)^{D,B)^2{D){B), (5.4) 
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and that the elements of the matrix 



7 



a b 
c d 



1 \ /O 1 

1 dj ll d2 



'0 1 

• Vi 4 



(5.5) 



can be expressed by continuants 
a = (4, 4, • • • , b = (4, d3,...,dk), c= {di,d2, 



,dk-i), d = {di,d2, . . . ,dk). (5.6) 



For the matrix 7 from (5.5) we use the following norm 

II7II = max{|a|, \b\, |c|, \d\}, 



It follows from (5.6) that 



= d = {di,d2, . . .,dk). (5.7) 
For 7 from (5.5) we have det7 = (—1)^. So for an even k one has det7 = 1, that is 7 G 



SL{2,Z). 

Let r_4 C SL (2, Z) be a semigroup generated by 



1\ /O 1 



1 a,- / \ 1 a 



1 

ai ttittj + 1 



where ai,a,- G It follows from (5.7) that to prove a positive density of continuants in N 



#2)^(iV) » iV, 
it is enough to obtain the same property of the set 

lir^ll = {hll 7 e r^l . 



(5.8) 



(5.9) 



In fact, for proving inequality (5.8) only a part of the semigroup F^, a so called ensemble 



Qn, will be used. A preparation for constructing fl]\f will start in the next section. 

6 Hensley's method 

Before estimating the amount of continuants not exceeding it might be well to assess 
the amount of continued fractions with denominator being bounded by A^. Though these 
problems are similar, in the second case every continuant should be counted in view of its 
multiplicity. Let V^ik) be the set of words with the length k 



VA{k) = |(rfi,4,-..,4) l^dj^ A, J = 1, 
and let Vyi = IJfc>i K4(^) be the set of all finite words. Let 

A = max^. 



1^ \ 1 



(6.1) 



We will consider on alphabet A only words having an even length. They can also be treated 
as words on the alphabet {A, A), that is, consisting of pairs (a, 6) where a,b & A. Let us 
denote the alphabet {A, A) by A?. Let Vj\2 be the set of words on A having an even length. 
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Let 9^_42 be the set of finite continued fractions constructed from sequences in V42. We also 
write 

^MN) = {DeVA2\{D)^NY 

And let D_^2[N) be the set of denominators of fractions from 9^^2(A^). Generalizing Hensley's 
method one can prove that 25^2 = 25_4 and that the following theorem holds. 

Theorem 6.1. Let 5_4 > |, then for any x ^ 4^4^ one has 



(6.2) 



Hensley |1] proved this theorem for the alphabet A of the form (1.5). 



7 The basic ideas of the Bourgain-Kontorovich's method 



In this section a notion of constructions necessary for proving Theorem 2A_ will be given. 
In view of exponential sums, for studying the density of the set (5.9) it is natural to 
estimate the absolute value of the sum 



Sn{9) := Yl ^(^ll^l 



(7.1; 



where Qn C r_4 fl {||7|| ^ A^} is a proper set of matrices (ensemble), 6 G [0, 1], and the norm 



7II is defined in (5.7). As usual, the Fourier coefficient of the function Sn{0) is defined by 



SN{n) = I SN{0)e{-w 
'0 



Yl l{ll7ll="}- 



Note that if SN{n) > then n G D^2(A^). Since 



N N N 

SNiO) = 5^ 1 = XI l{il7!l="} = Xl^^(^) = Zl^^(^)l{5iv{n)^0}' 

7gnjv n=l 7£f2jv n=l 



n=l 



then applying Cauchy-Schwarz inequality one has 

N N 
71=1 m=l 



(7.2) 



The first factor of the right hand side of the inequality (7.2) is bounded from above by 
^D^2[N). Applying Parseval for the second factor one has 



N 



E 5 



n=l 



\s 



N 



'd6. 



Consequently 



(5;v(0))'^#D^2(Ar) / \Sn 

Jo 



de. 



(7.3) 
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Thus a lower bound on the magnitude of the set Dj\2[N) follows from (7.3) 



if^MN) ^ -i^im^. (7.4) 

J\SN{e)fde 





Thus, the estimate 



#2)^(iV) » N 



will be proved, if we are able to assess exactly as possible the integral from (7.4) 



\SN{0)\de<^ — = (7-5) 

It follows from the Dirichlet's theorem that for any 6 G [0, 1] there exist a, g G N U {0} and 
/3 G M such that 

a K A^^/^ 

6= - + (3, (a,g) = l, Q^a^q^N^'\ (3 = - \K\ <: , 

q N q 

with a = and a = q being possible if only q = 1. Following the article jT], to obtain 



the estimate (7.5) we represent the integral as the sum of integrals over different domains in 
variables {q,K). Each of them will be estimated in a special way depending on the domain. 

It remains to define ensemble Q^. To begin with we determine a concept " pre-ensemble " . 
The subset S of matrices 7 G is referred to as -pre-ensemble, if the following 
conditions hold 

1. for any matrix 7 G S its norm is of the order of : 

II7II X N; (7.6) 

2. for any e > the set S contains e -full amount of elements, that is 

#H >, A^25^-^ (7.7) 

By the product of two pre-ensembles S'^^^S'^^^ we mean the set of all possible products of 
matrices 7172 such that 71 G 72 G S^^^. The product of pre-ensembles has an unique 
expansion if it follows from the relations 

7172 = 7W2> 7i,7i e 72,72 G S^^) (7.8) 

that 

71 = 7I, 72 = 72- (7-9) 

Let Co be a fixed number such that < cq ^ |. Then - pre-ensemble Q is called the right 
(left) (eo, A^) - ensemble if for any M, such that 

KM^AT^, (7.10) 
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there exist positive numbers A^^i and N2 such that 



< M < A^a, 



(7.11; 



and there exist A^i -pre-ensemble S^^^ and N2 -pre-ensemble S*^^^ such that the pre-ensemble 
VL is equal to the product H'^^^H'-^^ (S^^^S*^^^ respectively) having an unique expansion. Such 
terminology allows us to say that in the article [T] the ( | , A^) -ensemble has been constructed 
while we will construct (eg, A^) -ensemble, being simultaneously the right and the left (bilateral) 
ensemble, for eo G (O, 2^^) • 



Remark 7.1. Observe that there is no use to require an upper bound in (7.7). According 



to the Theorem 6.1 it follows from (7.6) that 



8 Pre-ensemble S(M). 

Let 5 := 5^ > ^, r := r_4 and as usual A = max^. Let also M be a fixed parameter 
satisfying the inequality 

M ^2^AHog^ M. (8.1) 

In this section we construct a pre-ensemble S(M) C F It is the key element which will be 
used to construct the ensemble fl^. To generate S(M) we use an algorithm. The number M 
is an input parameter. During the algorithm we generate the following numbers 

L = L{M) M,p = p{M) X log log M, k = k{M) x logM, 

being responsible for the properties of the elements of S(M). We now proceed to the description 
of the algorithm consisting of four steps. 

Step 1 First consider the set C F of matrices 7 G F, such that 

^ ^ II7II ^ M. (8.2) 



64^2 

According to the Theorem 6.1 ij^Si x M"^^ . 

Step 2 Let Fq = 0, Fi = 1, Fn+i = -F„ + -F„_i for n ^ 1 he Fibonacci numbers, nncjia 
OnGonaHH. Define an integer number p = p{M) by the relation 

< logs M ^ Fp. (8.3) 

Note that then 

Fp ^ 2Fp_i ^ 21og^M. (8.4) 



Let consider the set S2 C 5*1 of matrices 7 G 6*1 of the form (5.5) for witch 

di = d2 = ... = dp = l, dk = 4-1 = . . . = 4-p+i = 1- (8.5) 

To put it another way, the first p and the last p elements of the sequence D = D{'~f) = 
{di, d2, ■ ■ ■ ,dk} are equal to one. At the moment we have to interrupt for a while the 
description of the algorithm in order to prove the following lemma. 
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Lemma 8.1. One has the estimate 



M 



25 



213^4 log' M 



.6) 



Proof. The sequence D can be represented in the form Hocjie^^oBaTejibHOCTb D npe^- 

CXaBHM KaK 



D = {1,1,...,1, 61,62,.. .,&n,l,l,...,l} 



then the required inequahty (8.2) can be represented in the form 
M 

^ (l,l,...,l,6i,62,...,6„,l,l,...,l) <M. 



64^2 



(8.7) 



Let prove that the inequahty (8.7) follows from the inequality 

M 



64^2 logM 



^ (61,62, . . . ,6„) ^ 



M 



16 log M 



Indeed, let the inequality (8.8) be true. Then on the one side it follows from inequalities 
dKIl and (Q that 

( 1,1,^..,! , 61, 62, ... , 6„, 1,1, . ^..,1 ) ^ 4Fp2(6i, 62, ... , hn) ^ 16(6i, 62, ... , 6„) log M ^ M, 
p p 



and on the other side it follows in a similar way from the inequality (8.3) that 
(l,l,...,l,6i,62,...,6„,l,l,...,l) ^ F2(6i,62,...,6„) ^ (61,62, ... ,6„) log M ^ 



M 



Thus the implication (8.8) ^ (8.7) is proved. It remains to obtain a lower bound for 

ity (ra. We set 



the amount of sequences B = (61, 62, . . . , 6„) satisfying the ine qua. 
X = ^a!^ and note that the condition x ^ 4^2 in Theorem 6.1 



16 log M 



inequality (8.1). Consequently, considering (6.2) one has 



follows from the 



M 



16 log M 

since 5 < 1. This completes the proof of the lemma. 
Let return to the description of the algorithm. 
Step 3 For any L in the interval 

M 



25 



M 



25 



2i3AMog2M' 



□ 



64^2 



(8.9) 



consider the set S-i,{V) C S2 of matrices 7 G S'2, for which the following inequality holds 

max|^,L(l-log-^L)| ^ h\\^L. (8.10) 

Here, we also have to interrupt the description of the algorithm in order to prove the 
following lemma. 
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Lemma 8.2. There is a number L in the interval (8.9) such that 

Proof. Let t be the minimal positive integer number satisfying the inequality 

(1 - \og-^ MY ^ ^ 



(8.11) 



^.12) 



Note that t ^ 8AlogM. For j = 1,2, ... ,t consider sets s{j) each of them consists of 
matrices 7 G 5*2, such that 

M(i - log"^ My ^ 117I1 ^ M{i - log"^ My-^ 



Since S2 C IJi<j<t ^U)^ by the pigeonhole principle there is a set among s{j) containing 

L = M {1 - \og-^ My"-\ 



at least ^ matrices. Let 



then L belongs to the segment (8.9) and s{jo) C >S'3(L). Hence 15*3(1/) | ^ Using the 



bound (8.6) and the restriction on t one has 

153(^)1 > 



M' 



25 



(213^4 log^M)8A log M 216^5 log'^M 



.13) 



Because the function /(x) = x^'^log x increases and since M ^ L, then replacing in 



1.13) the parameter M by L one has the inequality (8.11). This completes the proof 

□ 



of the lemma. 



Returning to the algorithm we choose in the interval (8.9) any L (for example the 
maximal one) satisfying the inequality (8.11) and fix it. Now let 5*3 := S^lL). 



Step 4 For 7 G 6*3 let k{'~f) be the length of the sequence D{'~f). Represent the set S3 as the 
union of the sets 5'4(A;), consisting of those matrices 7 G 5*3 for which ^(7) = A; is fixed. 

Lemma 8.3. There exists k for which 

^25 



Proof. Since for all D G Vji^{r) the inequality (D) ^ ( 1, 1, . . . , 1 ), holds, then 



(8.14) 



r-l 



and consequently 



k < ^^^^ + 1 ^ 41og II7II ^ 41ogL. 
log^ 



Hence, by the pigeonhole principle, there is a k, for which 

\S,\ L^' L'' 



\S4{k)\ ^ 



41ogL " (41ogL)2iM5 1og3L 21^5 log* L 



by (8.11) and (8.15). This completes the proof of the lemma. 



.15) 



□ 
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Returning to the algorithm we fix any k, satisfying the inequahty (8.14) and write 
5*4 := S4,{k). Algorithm is completed. 

Now we write S(M) := 54. Recall the properties of matrices 7 G S(M). For any 7 G S(M) 
we have from the construction: 

i the first and the last p elements of the sequence D{'~f) are equal to 1, where p is defined by 



the inequality (8.3); 
ii L{1 - log^^L) ^ II7II ^ L; 

ill k{'-f) = const, that is, the length of .0(7) is fixed fir all 7 G S(M). 
Besides, we have proved that 

#S(M) ^ 



log^L' 

The first property allows us to prove an important lemma 



^.16) 



Lemma 8.4. For every matrix G S(M) of the form = | " ^ ) the following inequalities 



hold 



a b 



b 


1 


2 

^ logL' 


c 


1 


d ~ 


<^ 


d " 





where is the golden ratio 



^ = 1 + [1,1,...,1,...] 



logL 



1 



.17) 



Proof. It follows from (5.2) and (5.6) that ^ = [D(7)], ^ = [£)(7)]. Hence the fraction 
a = [1 , 1 , . . . , Ij is a convergent fraction to ^ and to ^ . The denominator of a is equal to Fp 



and it follows from the choice of parameters (8.3), (8.9) that Fp ^ log^ L. Hence, 

b 



d 



a 



1 



logL 



d 



— a 



logL 



.19) 



a 



But a is also a convergent fraction to ^, thus 
we obtain the desired inequalities. This completes t 



^ • Applying the triangle inequality 



le proof of the lemma. 



□ 



9 Parameters and their properties 

Let N ^ Nmin = Nmin{(^o,A) and write 

"loglogA -41og(10v4) + 21ogeo 



J = J{N) 



-log(l - eo) 



(9.1; 
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where as usual A ^ |^| ^ 2 and require the following inequality J{Nmin) ^ 10 to hold. Using 



the definition (9.1), one has 



— -^e 1-eo^^— -. 9.2 
log A* log A* 

Now let define a finite sequence 

{N^j-u N.J, N_,, No, iVi, . . . , iVj+i} , (9.3) 
having set A^j+i = and 

N =1 ecjiH -1 - J ^ J ^ 1; 

It is obvious that the sequence is well-defined for j = and j = 1. 

Lemma 9.1. 1. For —J ^ m ^ J — 1 the following equation holds 

N.^Nm+i = N. (9.5) 

2. For — J— l^m^J — 1 the following relations hold 



N 



m+l 



(9.6) 



= iV^('-^°)""' (9 7) 

TV ' 



iV„^ > iV^+T- (9-8) 
5". /^yi^ —l^j<h^J+l eunoAHeno 

Ntj"^'-' = N,.j. (9.9) 



Proof. All propositions follow directly from the definition (9.4). This completes the proof of 



the lemma. □ 
Lemma 9.2. For — J ^ m ^ J — 1 the following estimate holds 



l4 /i4 



Nm V 2eo 

moreover 

exp(^j^-^iV,_,<exp^-^). (9.11) 



^ exp — ; (9.10) 
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Proof. The inequality (9.10) follows from (9.7) and the lower bound in (9.2). Now let prove 



the inequality (|9.1l|). The equation ^ = Ni^j follows from (|9.5|) with m = — J. The estimate 



of Ni^j follows from (9.4) and (9.2). This completes the proof of the lemma. 



Lemma 9.3. For any M, such that 

Ni.j ^Nj, 

there exist indexes j and h, such that 

2 < j ^ 2 J, 1 ^ /i < 2 J - 1, h = 2J -j + 1, 
for which the following inequalities hold 



□ 



(9.12) 



(9.13) 



(9.14) 



N 



l-eo 



N 



(9.15) 



Proof. Since the sequence {Nj} is increasing there exists the index j in (9.13) such that 



Nj_,_j ^ M ^ Nj_j, 



(9.16) 



then (9.14) follows from (9.8). The inequality (9.15) can be obtained by substituting the 
equation (9.5) into (9.14). This completes the proof of the lemma. □ 



For a nonnegative integer number n we write 

Nn-J = 



Nn-j, if n ^ 1; 
1, ifn = 0. 



Moreover for integers j and h such that 

^ j < /i ^ 2J+ 1, 

we write 

jo{j, h) = min — J— 1| j + l^?7,^/i|. 
Note that there are only three alternatives for the value of jo 

Jo e{j-J,0,J+l-h}. 



Lemma 9.4. For integers j and h from (9.18) the following estimate holds 

h 



n i^'AHog 



n~J 



n=j+l 



Nn-1-., 



^ ((l-eo)^°logiV) 



where io = jo(j, h). 

Proof. Consider two cases depending on the value of j. 



(9.17) 



(9.18) 



(9.19) 



(9.20) 



(9.21) 
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1) j > 0. Using (9.10) if 72 < 2J + 1 and (9.11) if n = 2J + 1, for any n in the segment 
J ' + 1 ^ n ^ /i we obtain 



3/4 



^ lo. 



n—J 



Nn-1- 



3/4 



(9.22) 



Hence, since for j > one has Nn-i-j = Nn-i-j, we obtain 



n=j+l 



n=j+l 



7/4 



(9.23) 



Making allowance for eo G (O, , it follows from (9.7) if ri < 2 J + 1 and from (9.4) 
if n = 2J+ 1, that 



log 



n—J 



< 77^a - eo)'""^~" logiV ^ (1 - eo)^« logiV 



(9.24) 



Substituting the estimate (9.24) into (9.23) we obtain the statement of the theorem in 
case J > 0. 



2) j = 0. Using the lower bound from (9.11 ) we obtain 



^ f^,{2elf' {logm.jf ^ (logiVi_, 



,3/4 



It follows from the definition (9.17) and the result of the previous item that 

h 



n 2'^' log 



n~J 



n=j+l 



Nn-1- 



J 



2^AHogN,^j\{[2''AHog3^ I ^ 

n=2 V A^n-l-J. 



< (logiVi_^)^/^((l-eo)^°(^''^)logiV) 



We obtain by the definition (|9.4|) that 



(l-eo)^logiV^ (l-eo)'logiV. 



2-eo 



Substituting this estimate into (9.26) we obtain 

h 



n i'^'AHog 



n—J 



^ ((1 - eoy^^^'^'hogNy^'" (1 - eoY^iJ-Mhh)) ^ (9.27) 



n=j+l 



Nn-1- 



J 



Taking account of jo ^ J and 1 — cq < 1, we obtain 

h 



n 2^^' log 



n—J 



n=j+l 



Nn-1- 



^ ((l-eo)^«(^'")logiV) 



lih-j) 



J . 



The fact that jo{l, h) = jo{0, h) completes the proof. 
Lemma is proved. 



(9.25) 



(9.26) 



(9.28) 



□ 
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10 The ensemble: constructing the set Qjy. 



In this section we construct a set i^Tv- It will be proved in ^11 that this set is (eo,A^) - 
ensemble. We construct the set by the inductive algorithm with the steps numbered by indexes 
1,2,...,2J + 1. 

1. The first (the starting) step. 
We set 



M = Ml = A^i_ 



(10.1) 



Because of the lower bound in (9.11 ) the condition (8.1 ) obviously holds. So we can run 
the algorithm of ^to generate the set S(M). During the algorithm we also obtain the 
numbers L = L{M),p = p{M), k = k{M). By the construction the number L belongs 
to the segment [g^^, M] , so we can set 



L = aiMi = aiA^: 



i-j, 



where ai is a number from 



(10.2) 



(10.3) 



Let rename the returned pre-ensemble H(M) and numbers L,p and k to 

S(M) = Hi, L = Li, p = p^, k = ki. 
For the next step of the algorithm we define the number M2 

N2-J 



Mo 



i-j 



(10.4) 



where id from (8.18). 



2. The step with the number j, where 2 ^ j ^ 2 J + 1 (the inductive step). 

Write M = Mj. According to the inductive assumption the number Mj has been defined 
on the previous step by the formula 



Mi 



(l + ^-2)a,_iAr,_i_j^ 



(10.5) 



where aj-i is a number from (10.3). To verify for such M the condition (8.1) it is 
sufficient to apply bounds of Lemma 9^ having put m = j — J. Hence we can run the 
algorithm of ^to generate S(M). Besides there exists a number aj from the interval 
(10.3) such that for the parameter L the following equation holds 

L = a.M = "^^^-^^^ . (10.6) 

' (1 + (^-2)a^_iAr,_i_j ^ ' 

We rename S(M) to Ej, the number L to Lj, the quantity p to pj, the length k to kj. 
If j ^ 2J, then the number Mj+i, which will be used in the next step, is defined by the 
equation 

Nj+i-j 



M. 



:i + ^->,Ar,-_j' 



If i = 2J + 1, then the notation M^+i is of no use, as the algorithm is completed. 
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We now define the ensemble writing all the sets generated in the algorithm for one another 



n 



N — ^1^2 ■ ■ ■ ^2J^2J+1- 



It means that the set consists of all possible products of the form 
7i72 • • • l2Jl2j+i, with 7i e Si, 72 e H2, . . . , 72J+1 e S2J+1. 

To prove that is really an ensemble we need two technical lemmas concerning quantities 
Lj. We will use the following notation 



/(x) = 0i(^7(x)), if|/(x)|^(7(a;). 
Lemma 10.1. The following inequality holds 

1 



2J+1 



^ Incr 



n=l 



logL^ 



16000 



(10.7) 



(10.8) 



Proof. Let prove that numbers Lj satisfy the following inequality 



Li ^ 



1 



i-J 



(10.9) 



Actually, for j > I the inequality (10.9) follows from the definition (10.6). For j = 1 to 
deduce the same inequality (10.9) from (10.2) it is sufficient to know that N^j ^ 1. The last 
inequality follows from inequalities (9.8) and (9.11) with m = — J : 



N_j ^ Nlz'f ^ exp 



lOM^ 



;i-eo)^i 



Thus, the inequality (|10.9|) is proved. It follows from the bound (9.10) that 

10^ 



AT, 



m— 1 



1/2 



^ exp 



> lOOA^ -J^m^J-1. 



In that case, if j ^ 2J, then using (|9.7|) the estimate (|10.9|) can be resumed 



AT,. 



AT,-. 



J-1 



Hence 



logL, ^ ^eo(l - eo)l^-^-^l log AT, j ^ 2J. 



(10.10) 



(10.11; 



If j = 2 J + 1, then from the lower bound in (9.11 ) we obtain in a similar way 

lOM^^ 



^2J+l 



A^j+1 
A^j 



whence it follows that 



exp 



lOM^ 
logL,^^ 



4eg 



(10.12) 
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Substituting the estimates (10.11) and (10.12) into the sum in (10.8) one has 

2,7+1 



^ 1okL„ ^ en^ (1 



1 



4e 



^ logL„ ^ eo^(l-eo)l"-^llogiV lOM^ ^ eg ^ (1 - eo)" log iV lOM^ 



y L 



+ 



46 



;. (10.13) 



Let estimate the geometric progression from (10.13): 
since (9.2). Substituting this bound into ( |10.13 ) we obtain 



logA^ 



2J+1 



y — 



^ 8 logiV ^ 4eg _ 4(2 + eg) ^ 1 ^ 1 



logL„ logA^lOM^ 10M4 10M4 103^4 " 16000' 

This completes the proof of the lemma. 

To state the following lemma we suppose the real numbers 

Hi, 112, • ■ ■ 5 ^2J+l 

to satisfy the relations 

n, = (1 + 20i(log-^ L,)Y n (1 + 20i(log-^ Ln))\ 



□ 



(10.14) 



n=l 



where the product over the empty set is regarded to be equal to one. 
Lemma 10.2. For any j = 1, 2, . . . , 2 J + 1 the following bound holds 



exp(-10~^) ^ n^- ^ exp(10 



-3\ 



(10.15) 



Proof. Taking the logarithm of the equation (10.14) and bounding from above the absolute 
value of the sum by the sum of absolute values we obtain 

i-i 

I logn.l ^ 2| log (1 + 20i(log-i L,)) I + 3 5^ I log (1 + 20i(log-i L„)) \ ^ 



n=l 



2.J+1 



^3^^ |log(l + 20i(log"^L„)) 



(10.16) 



n=l 



In view of Lemma 



10.1 



every number log ^ L„ for n = 1, 2, . . . , 2 J + 1 is less than jg^; and 



in particular every number 20i(log~^ L„) belongs to the segment [— ^, |] • But for any z in 
the segment — ^ ^ z ^ ^ the inequality | log(l + z)\ ^ \z\ log4 holds. Then by (10.16) we 
obtain 



2J+1 



2J+1 



logn.l ^ 3 J2 |20i(log-iL„)| log4 < 12 5^ log-^ 



n=l 



n=l 



Using Lemma 10.1 we obtain 



lognJ ^ 



12 



16000 



< 10"^ 



(10.17) 



(10.18) 



The inequality (10.15) follows immediately from (10.18). This completes the proof of the 
lemma. □ 
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11 Properties of Q^. It is really an ensemble! 



In this section we prove that the constructed set fijy is an ensemble, that is, it satisfies 
the definition of ensemble in ^ Unique expansion is the easiest property to verify. Actually, 
if 

fi« = HiH2...H,-, 

0(2) - ^ 

" — ■ ■ ■ ^2J+1, 

then firstly fi^v = f^^^-'f^'-^^. Secondly, as the representation of a matrix in the form (5.5) is 
unique then the implication (7.8) =^ (7.9) holds since the length D{'~f) = kj is fixed for all 
7 G Ej (the property (iii) in for each j = 1, 2, . . . , 2 J + 1. 
The next purpose is to prove that fijv is a pre-ensemble. 

Lemma 11.1. For any j in the segment 

l^j^2J + l, (11.1) 

for any collection of matrices 

^1 e Si, ^2 e S2,...,ei e s,-, (ii-2) 



one can find a number 11^, satisfying the equality (10.14), such that 



:ii.3) 



Proof. Let first j = 1. Then, by the construction of the pre-ensemble Si (^8|) and by the 

; ec 

lleil 



equation (10.2), the following equation holds 

aiiVi_Xl + Oi(log-iLi)). 
Since 

1 + Oi(log-i Li) = (1 + 20i(log-i Li))2 = Hi, 



:il.4) 



then substituting the last equation into (11.4) one has 

11611 =«iiVi_jni, 



:il.5) 



and in the case j = 1 lemma is proved. 

We now assume that lemma is proved for some j, such that 1 ^ j ^ 2J, and prove that 
it holds for j + 1. It follows from (5.3) that 

||66...00+ill = + (11.6) 

where -D(7), as usual, denotes the sequence .0(7) = {di, c?2, . . . , dk}, where 



7 



1 

1 di 



1 

1 d2 



1 

1 dk 



It follows immediately from Lemma |8.4| that 

[^(O+i)] = + 20i(log-^ L,+i), [^(0) . . . , ^(6)] = + 20i(log-^ L,). (11.7) 
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Substituting (11.7) into (11.6), we obtain 



= 11^16- (1 + (l + 20i(log-iL,)) (l + 20i(log-^L,+i)). 

(11.8) 

By the inductive hypothesis we have 

11^2 •• -Oil =«.^i-jn,. (11.9) 

And by the construction of the ensemble (flO| "The step with the number j + 1.") the 
following equation holds 



l|e,+i||=L,+i(l + Oi(log-^L,+i) 



-(l + Oi(log-iL,+i)). (11.10) 



Substituting (11.9) and ( 11.10[ ) into (11.8) and making cancelations, we obtain 

1166 . • .66+1 II = «,+iiv,+i-jn,+i, (11.11) 

where 

n,+i = (l + Oi(log-^L,+i)) (l + 20i(log-^L,)) (l + 20i(log-^L,+i))n,. (11.12) 



Using the definition of II,- by the equation (10.14) we obtain 



n,+i = (1 + 20i(log-^ L,+i))2 (1 + 20i(log-^ Lj)) = n,+i 



and hence 



1166 • • -^-^i+ill = aj+iNj+i^jUj+i. 



The lemma is proved. 



□ 



Lemma 11.2. For any collection of matrices (11.2), for any numbers j, h in the interval 

l<j^2J + l, j<h^2J + l (11.13) 
the following inequalities hold 



1 



70A2 



iv,-j ^1166- • -611^ I'Oiiv,- 



(11.14) 



70^2 



1166 •• -67+111 ^ i,oiiV, 



150^2 Nj_j 
moreover, for j ^ 2 J one has 

1 



1 Nh-j ^ „. . . „ ^ ,2 ^fe-J 



^||6+i6+2...6IK73A^ 



150^2 Nj. 



< ||6+i6+2...6./+iK73A^ 



N 



(11.15) 
(11.16) 

(11.17) 
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Proof. First we prove the inequality (11.14). Recall that by the construction of the set Qn 
the following inequality holds 



and by Lemma 10.2 we also have 

exp(-10-^) ^ n^- ^ exp(10-^) 



:il.l8) 



:ii.i9) 



Substituting (11.18) and (11.19) into (11.3), we obtain (11.14). In particular, as A^j+i = A^, 
then by using (11.14) for j = 2 J + 1 we obtain (11.15). 

Now we prove the inequality (11.16). To do this we denote 



and rewrite the inequality (5.4) in the form 



W{l,j)WU + l,h)<: W{1, h) ^ 2W{l,j)W{j + 1, h). 



Hence, applying the inequality (11.14) twice we obtain 



2W{l,j) 2,02Nj_j IbOA'^Nj. 



and in the same way 



W{j + l,h) ^ 



Wil,j) ^ N,_j/{70A^) 



^ 73A 



These prove the inequality (11.16). Putting /i = 2 J + 1 in it we obtain (11.17). The lemma 
is proved. 



For integers j and h, such that 

< j < /i ^ 2J+ 1, 

we put 

Lemma 11.3. The following estimate holds 



□ 



^11.20) 



^11.21) 



^11.22) 



Proof. By definition, for 7 G f2(0, j) one has 7 = ^1^2 • • • for a collection of matrices (11.2). 
So, it follows from the inequality ( |11.14 ) that 



I7II ^ 1,01A^. 



j-J- 



^11.23) 



The number of matrices 7, satisfying the inequality (11.23) can be bounded by Theorem 



6.1 Estimating the result from above we obtain (11.22). This completes the proof of the 
lemma. □ 
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Recall that parameters Nn-j and jo{j, h) were introduced by formulae (9.17) and (9.19). 
Note that the restrictions (11.20) on j and h coincide with the restrictions (9.18). 



Lemma 11.4. For j and h in (11.20) the following hound holds 

1 / /V, , \ 

\n{j,h)\ ^ 



h-J 



((l-eo)^« logiV) 



7{h-j) 



[11.24) 



where jo = jo{j, h). 



Proof. Multiplying the lower bounds (8.16) we obtain 

h h 



n n 



-25 



n=j+l 



2iM5 1og"L, 



[11.25) 



It follows from formulae (10.2) and (10.6) that 



Nn-J ^ T ^ CiNn-J 



i-j 



Nn-l- 



where 



[11.26) 



[11.27) 



Let estimate the product of the numerators in (11.25). Applying (11.26) and (11.27) we 
obtain 



h h 

n n 

n=j+l n=j+l 



N, 



(2M2iV„_i. 



2S 



After the cancelations we obtain 

h 



n Li'^ 



N, 



25 



h-J 



n=j+l 



N. 



n (2^^ 



2\-2S 



[11.28) 



j-J / n=j+l 



So the estimate (11.25) can be resumed in such a way 

\n{j,h)\ ^ 



N, 



25 



h-J 



Nj-J / n=j+l 



n Ji^y^>^ 



21M5 log* Ln 



25 



h-J 



n (2^^^1ogL„) 

yn=j+l 



[11.29) 



The last product in (11.29) will be estimated separately. In view of the upper bound in (11.26) 
we have 



n (2'^'logL„)^ n 2^^' log(2M2)+log 



n—J 



n=j+l 



n=j+l 



Nn-l- 



[11.30) 
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Applying Lemma 9.2, we obtain 



log ^ ^ log(2^A2), 



J 



hence, applying Lemma 9.4, we obtain 

h h 



2eo 



n (2«^'logL„)^ n ^ ((l-eo^logiV) 



fii.sr 



{h-j) 



n=j+l 



n=j+l 



Nn-l- 



^11.32) 



Substituting the estimate (11.32) into (11.29), we obtain (11.24). This completes the proof 
of the lemma. □ 



Theorem 11.1. For j and h in (|ll.20|) the following estimate holds 

2^ 



25 



h-J 



exp 



log log 
log(l - eo) 



Jo 



where jo = jo{j, h). 



Proof. It follows from (11.24) that it is enough to prove the inequality 



exp 



log log 



Jog(l - eo) 
Hence, it is sufficient to prove 



+ jo ^ exp(7(/^-J)(loglogA^ + Jolog(l-eo)))• 



7(/l-J)(loglogA^+Jolog(l -eo)) ^ 



log log AT + Jo log (1 -ep) 
log(l - eo) 



One can readily obtain from (9.1) that 



J ^ 



log log A^ 



-log(l - eo) 
and since jo ^ J-, so one has 

loglogAr + jolog(l - eo) > 0. 
Thus, it is sufficient to prove that 



log log A^ + jo log (1 - eo) 
log^(l-eo) 



1 



log log A^ 
log(l - eo) V-log(l - eo) 



Jo 



We observe that as eg G (O, ? so 



-71og(l-eo) ^ -. 



It follows from this, (11.34) and (11.35) that it is sufficient to prove 



[11.33) 



[11.34) 



[11.35) 



-,{h-3) ^ J +1-30. 



[11.36) 
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For jo = the inequality (11.36) follows from the trivial bound h — j ^ 2J + 1. For jo 7^ 
(hence, j > J or /i ^ J) it follows from ( |9.19[ ) and (| 9.20[ ) that 

1 



h 



J 



2J+1-J 
h = J+1- 



= J 
jo, 



jo, ecjim j > J; 
ecjiH h < J. 



Hence the inequality (11.36) follows. This completes the proof of the theorem. 
Corollary 11.1. For N ^ exp(eo ^) the following estimate holds 



[11.37) 

□ 



N 



25-eo 



^ A^25 gxp I - 



log log A^' 



^11.38) 



Proof. To prove the upper bound we apply Lemma 11.3 with j = 0, h = 2J + 1. To prove 
the lower bound we use Theorem |11.1| putting j = 0, /i = 2 J + 1 in it (hence, jo = 0.) As 
eo G (O, , so we have log^(l — eo) > obtain the lower bound in (11.38). The 

corollary is proved. □ 

Corollary 11.2. The set Qn is a N -pre- ensemble. 



Proof. It follows from the inequality (11.15) that the property ||7|| x N holds for each 
matrix 7 G Qn- By the Corollary 11.1 we have i^Q^ N'^^~'^. To put it another way, both 
items of the definition of pre-ensemble hold. The corollary is proved. □ 



We now verify the last property of ensemble related to the relations (7.10) and (7.11). 



Lemma 11.5. For any M in the interval (9.12) there exist j and h in the intervals (9.13), 
such that for any collection of matrices (11.2) the following inequalities hold 

0, 991166 • • • e.ir"^" ^M<: 70^166 . . .611' (11-39) 



73^2 



116+1^+2 . . . 67+111''^" <M<: 150^2 II6+16+2 . . . 6j+iI 



^11.40) 



Proof. Let M be fixed in the interval (9.12). Then using Lemma 9.3 we find j and h in 



(9.13), such that the inequalities (9.14) and (9.15) hold. We note that a bilateral bound on 



the number Nj^j in terms of ||66 • • • Oil follows from (11.14). To obtain the inequality (11.39) 



following from the inequality (11.17) with 

□ 



one should substitute this bilateral bound into (9.14). To obtain the inequality (11.40) one 
should substitute a bilateral bound on N/N^. 
j = h, into (9.15). This completes the proof of the lemma. 



Corollary 11.3. For any M, satisfying the inequality 

/lo^^n _ / lo^A^ 

exp — ^ ^ M ^ exp 



=0 



fll.411 



(11.2)the inequalities (11.39) and (11.40) hold. 



there exist indexes j and h in the intervals (9.13), such that for any collection of matrices 



Proof. By applying Lemma 9.2, it follows from the inequality (11.41) that the inequality 
(9.12) holds. It is sufficient now to apply Lemma 11.5 The corollary is proved. □ 
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Theorem 11.2. The set Qn is a bilateral {eQ,N) -ensemble. 
Proof. The unique expansion of the products, which are equal to fijv, has been proved in 



the beginning of ^11 The property of r2jv to be a -p re-ensemble has been proved in the 



Corollary 11.2 The right (eo, A^) -ensemble property is proved by the inequality (11.40), the 



left -by (11.39), since it follows from the Corollary 11.3 that these inequalities hold for any 
M, satisfying the inequality (11.41). This completes the proof of the theorem. □ 



Thus the main purpose of the section is achieved. However, we formulate a few more 
properties of a bilateral ensemble. These properties will be of use while estimating exponential 



sums. 



Lemma 9.3 



For M, s atisfying the inequality (11.41 ), we denote by j and h the numbers j and h from 



corresponding to M. For brevity we will write that numbers j, h corresponds to 
M. In the following theorem j*^^^ corresponds to M^^\ and h^^^ corresponds to M^^\ 

Lemma 11.6. Let the inequality 

M^^^M^^^ < N^-'°. (11.42) 
holds for M(^) and M^^^ in the interval (|11.41|). Then j^^) < h'-^\ and for M = M^^) the 



inequality (11.39) holds and for M = M^^\ the inequality (11.40) holds. 



Proof. It is sufficient to verify the condition j^^^ < h^'^\ Then the statement of Lemma 
will follow from Lemma 11. 5| and Corollary 11.3 



11.6 



We recall that h^^^ = 2.J — j^^^ + 1. Hence, it is sufficient to prove that 

+ j(3) < 2J+ 1. 



Assume the contrary. It follows from (9.16) that 



Since ^ 2J+1, one can consider the inequality j*^^^ ^ J + 1 to hold. It follows from 



I J+i 



the relation j^^^ — 1 — J ^ — J*-^^ + J and the increasing of the sequence {Nj}\^_j_-^ , 
We put m = j^-^^ — J — 1, then 



that 



A^ A^ 



.1 < mWm(3), m ^ 0. 



Because of (9.4), for m ^ we obtain 



Hence, the inequality M^^^M^^^ ^ A^^ ^° holds, contrary to (11.42). This completes the proof 
of the lemma. □ 
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We write 

jo{M)=jo{0,j)=jo{h,2J + l), Q2{M) = Q{h,2J+l), Q,{M) = Q{0,j), (11.43) 



where jo{j,h) is defined in ( |9.19[ ) and n{j,h) is defined in (11.21). Let verify that joiM) is 
well-defined. Actually, since h = 2J — j + 1, so we are to prove that 



jo(0, j) = jo(2 J - j + 1, 2 J + 1) for 2^]^ 2 J. 



If j ^ J + 1, then 



Jo(0,j) 



j-J-l 



J + l-j 



2J + 2-j-J-l 



jo(2J-j + l,2J + l) 



If j > J + 1, then 

jo(0,j) =jo(2J-j + l,2J+l) = 0. 
Hence, jo{M) is well-defined. 



Theorem 11.3. For any M, satisfying the inequality (|ll.4l|), the ensemble f2iv can be 

(11.44) 



represented in two ways MOCHcem 6umb npedcmaeAen deosiKUM o6pa30M e eude 

nN = n^'^n^^^ or nN = n^^^n^'\ 

where 



and for any 71 G 72 G 73 G i^'-'^'' the following inequalities hold 

M 



70^2 



^ II71II ^ l,03M^+2'o, 



UOA^Hi{M) 



^ II72II < ^ , where Hi{M) = l,03M^+^'\ 



M 



150/12 



< II73II ^ H3{M), where H^^M) = 80A^'^M^+'^'\ 



[UA5) 



^11.46) 



^11.47) 



Proof. In view of the Corollary 11.3 the inequalities (11.39) and (11.40) hold for the matrices 
71 = ^1^2 •••^j and 73 = ^/j_,_i^2 • • • ^2j+i- Using these inequalities we obtain (11.45) and 



(11.47). Moreover, it follows from (5.4) and (11.15) that 
11^16 • • • 



140^2 



^ II71IIII72II ^ Wll ^ i,oiAr. 



^11.48) 



Substituting the bound (11.45) into (11.48) we obtain the inequality (11.46). This completes 
the proof of the theorem. □ 
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Theorem 11.4. Let M^^) ^ {M^'^'^f'", and let the inequality ( |11.4lD holds for M = M^^) 
and M = M^^^M^'^\ Then the ensemble ^Ijy can be represented in the following form 



where 



0(3) _ ■^^ ■^^ 

where ji corresponds to M^'^\ and j2 corresponds to M'^-^-'M^^^ And for any 71 G fi*^"*^-', 72 G 
73 G the following inequalities hold 



7(L42 



^ II71II ^ l,03(M«)i+'^«, 



^11.49) 



70^2 



^ II7172II ^ 1,03(M(^)m(2))^^ 



-2eo 



^11.50) 



150v42(M(i); 



2eo 



^ II72II ^ 73A 



^(^(2))l+2.o 

(M(i))2^o ^ 



:il.51) 



AT 



150A2i/i(M(i)M(2); 



< hall ^ 



[11.52) 



Proof. To ensure that the partition of the ensemble is well-defined, it is enough to verify 
that j2 > ji- To do this it is sufficient to prove that for any M^^-* in the interval ^ 
M(i) ^ N~n^J inequality N-^__j ^ M(i)M(2) holds. It follows from the conditions of the 
theorem that 



^11.53) 



where the last inequality holds because of M^^^ ^ ^'^_T (9.14). Thus we have proved 



that the partition of the ensemble is well-defined. The bounds (11.49) and (11.50) follow from 



(lL45j) and (|lL52j) follows from (|lL46j). Finally, (jlLSlj) follows from ( |11.49[ ), (jlLSOj) and 
(5.4). This completes the proof of the theorem. □ 



Theorem 11.5. For any M^^^ and M^^^ satisfying the hypotheses of Lemma 
ensemble Qi\f can be represented in the following form 



11.6 the 



where 



-2J+1, 
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and for any 71 G 72 G 73 G i^*-'^-' i/ie following inequalities hold 



70^2 



^ II71II ^ 1,03(mW)1+2^°, 

llOOOA'^A^ 



3- 10M5(M(i)M(3))i+2^o 



^ II72II < 



M(i)M(3) 



^11.54) 
^11.55) 



^ II73II ^ 80A''^(M(=^))^+2.o_ 



150/12 

Proof. The existence of the partition is ensured by the inequahty ji < in Lemma 



11.56) 



(ji = /i3 = h^^^). It also follows from Lemma 11.6 that the inequalities (11.39) and 



11.6 



(11.40) hold for 71 G fi^^^ and 73 G Using these inequalities we obtain the estimates 



(|11.54|) and (|11.56|). Next, in the same way as (11.48) we obtain 

N 

^ II71IIII72IIII73II ^ 1,01N. 



280^2 



^11.57) 



Substituting (11.54) and (11.56) into (11.57), we obtain (11.55). This completes the proof of 
the theorem. □ 



Lemma 11.7. For M in the interval (11.41) the following inequality holds 

log logM2 



log(l - eo) 
Proof. We consider two cases. 



l^jo(M) + 



log log 
log(l - eo) 



;il.58) 



1. Let exp 



10^'' 



Then it follows from Lemma 



9.3 



and (9.16) that firstly 2 ^ j ^ J + 1 and secondly 



Hence jo{M) = J + 1 — j and applying (9.4) we obtain 



j-J 

Taking a logarithm twice we obtain 

log log ^ (l+jo(M))log(l-eo)+loglogiV. 



^11.59) 



From this the inequality (|11.58|) follows 

2. Let = Ni^M ^ N exp ' - 1°'^' 



3-J 



Then j > J + 1 and, hence, joiM) = 0. In view of Lemma 9.2 and (9.4) we obtain 

(11.60) 



> ivl(l-^0)^+^0(M) 



since 1 — 23^(1 ~ ^0)^ ^ |- The inequality (11.60) coincides with the bound ( |11.59 ). 
Thus we obtain (11.58) in the same way. 
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The lemma is proved. 



□ 



For M in the interval (|ll.4l|) we define the following function 

2^ 



r(M) = exp 



We observe that for eo G (0, o^i^ has 



log log 
log(l - eo) 



- 1 



M-'" ^ T{M), if M ^ exp(eo 



:il.61) 



(11.62) 



Theorem 11.6. Let M ^ exp(eQ ) and belongs to the interval ( |11.41[ ) . Then the following 
bounds on the cardinality of the sets \Qi{M)\ and 1^2(^)1 hold 



M 



25-eo 



;ii.63) 



Proof. Using the definition of the set |i7i(M)| and the inequality 



[IIM) 



we obtain that the upper bound in (11.63) follows immediately from Lemma 11.3 



1. We estimate the cardinality of the set |r2i(M)| from below. Taking into account that 
M ^ ^j-j ^'^d jo(^) = Jo(0, j), it follows from the Theorem 



11.1 



that 



|fii(M)| ^ M^-^exp 



log log 
log(l - eo) 



+ Jo(M) 



^11.65) 



Using (11.34) and (11.58), we obtain, in view of jo{M) ^ J, that 



log log , , log log 



Hence, 



log(l - eo) 



T(M) ^ exp 



log(l - eo) 



log log N 
log(l - eo) 



+ Jo(M) 



Substituting the estimate into (11.65), we obtain the lower bound in (11.63). 



2. We estimate the cardinality of the set |r22(M)| from below. Takin g into account that 



M ^ cind jo{M) = jo{h, 2J + 1), it follows from the Theorem 



11.1 



that 



|fi2(M)| ^ M^-^exp 



log log 
log(l - eo) 



Jo(M) 



^11.66) 



From this the estimate (11.64) follows in the same way. 
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The theorem is proved. 



□ 



Chapter III 

Estimates of exponential sums and integrals. A generalization of the 
Bourgain-Kontorovich's method. 

12 General estimates of exponential sums over ensemble. 



Recall that to prove our main theorem |2.1| we should obtain the maximum accurate bound 
on the integral 



'\SNm''d9= f 
Vo 



[12.1) 



where is a sufficiently large integer and for ||7| 



7 



a h 
c d 



1 WO 1\ /O 1 

1 di) ll rfsJ ■■■ U 4 



:i2.2) 



the norm ||7|| is defined by 

II7II = d=< di,d2,. . . ,dk>= (0, 1) 

Then 



c d ll 



SN{e)= mi\\)= E e((0'i)7(?) 



:i2.3) 



:i2.4) 



To estimate the sum (12.4) different methods were used in [Ij depending on the value of 6. 
The basis of all these (and even new one) methods can be presented in an unified manner if 
special notations are used. Suppose that a partition of the ensemble 



:i2.5) 



is given and that this partition has one of the following forms: 

• or as in Theorem 111.51 and then 

• or as in Theorem 111.41 and then 



or as m Theorem 11.3k] /V = fi^^^fi^^^ and then 



where E -is a unit matrix 2x2, and M^^^ = M. 



[12.6) 



[12.7) 



[12. 
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We recall that 



Hi{M) = 1, 03M^+2^°, HsiM) = SOA^^^M^^^'" 



and for 71 G fl^^'' one has 



l7i| 



:i2.9) 



^12.10) 



For n G {1, 2, 3} we write 



(0, = |(0, 1)^1 gi e l^wj , ecjiH n = 1, 



^3 



^3 



ecjiH n = 2, 
ecjiH n = 3. 



fl2.111 



Let define the following function 



T(x) = max {0, 1 — |x|} , S{x) 



sm nx 



nx 



;i2.i2) 



It is common knowledge P, (4.83)] that S{x) = T{x), where f{x) = f(t)e{—xt)dt is the 
Fourier transform of the function f{x). We consider S2{x) = 35'(|). It is obvious that 5*2(3;) 
is a nonnegative function and 



S2{x) > 1 forx G [-1, 1]. 



^12.13) 



Since S2{x) = 6T(2x), we have 5*2(0;) 7^ only for |x| < ^. We next undertake to estimate 
the sum of the form 



0'N,Z — \ Sn 



[12.U) 



where Z is a finite subset of the interval [0, 1]. 

Lemma 12.1. For either (/i, A) = (2,3) or (/i, A) = (3,2) the following estimate holds 



0'N,Z 



Y,m E ^(^1^253^) 



eez 



1/2 



[12.15) 



where S{x,y) = S2{x)S2{y), and ^{6) is a complex number with \^{0)\ = 1. 



Proof. The numbers ^(6) are defined by the relation |57v(^)| = ^{9)S]y{6). Then we obtain 
from the formulae (12.4), (12.5) and the definition ( |12.11[ ) that 



a^,z = $^e(^)5iv(^) = $^e(^) E E E <9^92g3e), 

3ien(l) g2e!^(2) g3gQ(3) 



[12.16) 



eez 



eez 



where gi,g3 are already vectors in Z^. It follows from (12.16) that 



^^.^^ E E 1 



gxenW 9iez2 



E^(^) E <9i92g39) 



eez 



g,,.enM 



[12.17) 
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We note that in view of ( 12.10 ) the condition l^fi | ^ Hi does not impose any extra restrictions. 



Applying the Cauchy -Schwarz inequahty in (12.17) we obtain 



Considering that 





1/2 


/ 






1/2 


XI ^<?ien(i) 




E 












, 9iez2 




) 





[12.18) 



\ 



1/2 



91 6Z^ 
l9ll^-tfl 



and taking into account that the function §(a;, y) > 1 for (a;, y) G [—1, 1]^ and is nonnegative, 



we obtain (12.15). This completes the proof of the lemma. □ 
To reduce our notations we in what follows will identify any variable x with x^^\ 
Lemma 12.2. Under the hypotheses of Lemma 12. 1\ the following hound holds 

1/2 



L{lkl|l,2^d^} 



;i2.i9) 



e(i),e{2)6Z 
2 



where ||a;||i^2 = max{||a;i||, ||x2||} for x = (xi, X2) G M , and 

929^s^0W-g,g^^^e('\ z//. = 3. " 
Proof. We note that the quantity z can be represented in a shorter form 

z = 9?9i'¥'^-gt'''9t''0^'' 
Applying the relation | and reversing orders we easily obtain that 



[12.20) 



[12.21) 



91& 



9i_ 
Hi 



Y,m E <9i9293e) 



^ E E 



9i_ 
Hi 



e{9iz) 



fl2.22) 



By application of the Poisson summation formula [6^ §4.3.]: 

E /H = E 

neZ2 A:eZ2 



and writing f{n) = S ( ) e{nz), we transform the inner sum in the right side of (12.22): 



E ^ (jf) = E / ^ (w) "^"^^^ ~ ^^^^"^ = E ^((^ - (12.23) 

siez2 V 1/ ^g^2>^a;eR2 V 1/ ^^^2 
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We note that the relation (12.23) can be obtained directly from J6^, (4.25)]. As 7^ 

only if |x| ^ | and \y\ ^ |, so the sum in the right side of ( 12.23[ ) consists of at most one 
summand, hence, 



E 



9i_ 
Hi 



Substituting (12.24) into (12.22), we obtain 



(12.24) 



916Z2 \ 



J2m E <9i9293e) 



^36H', Yl hMU..^^} (12-25) 



e(i),e(2)ez 



Substituting (12.25) into (12.15), we obtain (12.19). This completes the proof of the lemma. 

□ 



To transform the right side of ( 12.19[ ), we are to specify the set Z. It follows from the 
Dirichlet theorem that for any 9 G [0, 1] there exist a, g G N U {0} and /3 G M, such that 



^=- + /3, (a,g) = l, /3 = -, \K\ ^ , 

q JM q 

and a = OT a = q only if g = 1. We denote 



^Qi,Q 



e = - + p 



(a, g) = 1, ^ a ^ g, Qi ^ q ^ Q 



(12.26) 



(12.27) 



In what follows we always have Z C Pq^q for some Qi, Q, /3. We will write numbers 6*^^^ 6'^^'* G 
Pq^^q in the following way 



(12.28) 



Let 



1 



1,2 2i7i 

(12.29) 



(7^,^(1), ^(2)) Gfi(^)xr](^)xz^ 



(12.31 )H (12.32) hold 



where 



lln n ^^^^ < 



7(2) 



74^2/^ 



(12.30) 



(12.31) 



\g2g3- g2 ^^gt ^\i,2 ^ 



mm 



+ 



1,2 _ 

(12.32) 
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and K = max{l, \K\}. We note that it follows from Lemma 12.2 and the definition (12.29) 
that 



A 



,1/2 



(12.33) 



Lemma 12.3. For Z C P, 

following inequality holds 



and for M^^) in ((TL4T| such that M^^) > UQA^K, the 

(12.34) 



,1/2 



Proof. In view of ( |12.33D , it is suffi cient t o pro ve that ^o{gx) ^ aT(5(A). Let n = fi^^^fi^^), 
then fijv = ^^^^■'fi. For any partition (12.6), (12.7), (12.8) of the ensemble flj^ using (5.4) and 
the lower bound on ||7i|| from the theorem corresponding to the partition, we obtain 

73A'^N 



\9293 - 92 ^^9i^ ^^|i,2 ^ max ||7|| ^ ^^^^ 



(12.35) 



Hence, 



\{9293-9r"9'^ 



(4-M)„(M-l)^ 



1,2 



73A^N K ^ 1 



M(i) 2 



so 



and 



\{929, - 9t'^9t"^)Pk2 = \\{9293 - 9t'^9t'^mi,2 



{4-m)^{m-1) 



\\i9293-9r"9'^ 



1,2 



73^2;^ 



(12.36) 



(12.37) 



(12.38) 



It follows from the definition (12.29) and the bound (12.38) that 

,(1) 



\\9293- 



(1) 



gt''9r'' 



(2) 



1 1,2 



M(i) M(i) M(i) 



1 74^2;^- 

< 



(12.39) 



that is, for {gl!\ g'i^\ 0^^\ O'^'^^) e %(^a) the inequality ([l23I| holds. Using i^l2l7\ and 



(12.29), we obtain 



1(^2^3-^2 ^3 



(4-m)„(m-1) 



,(1) 



,2^-Er + \\9293^^-9r"9'^ 



whence 



(4-m)^(m-1)| 



\92g3 - gi 93 



1,2 



Hi 



N N 
+ 



1,2, 



MW\K\ \K\ 



9293- 



(1) 



^(2) 

„(4-m)„(m-1)^' 
92 93 ^(2) 



(12.40) 



(12.41) 



1,2 



The inequality (12.32) follows from the estimates (12.41) and (12.35). This completes the 
proof of the lemma. □ 
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We denote 



m{gx) = {{9l!\9''^\0^^\e^^^) G n^^^ x fi^^') x ( |l2^ H ( [I2l4l ) hold I , (12.42) 



where 



,(4-m)„(m-1) 



9293 - 92 93 1l,2 ^ T— 



^12.43) 



\9293- 



(4-/.)^(M-i)a 



^2 93 



(2) 

(2y 



1 1,2 



0. 



^12.44) 



Lemma 12.4. Let the hypotheses of one of the Theorem 11.5 , 11.4 or \11.3 , on which the 
partition ofQ^ in the form (12.5) is based, hold. Let M^^^ be such that for any 
the following inequality holds 



(1) ^(2)1 



< 



Then the following bound holds 



1 1/2 



^12.45) 



^12.46) 



Proof. In view of (12.34) it is sufficient to prove that ^{gx) C Vytjgx ). We note that to prove 

and(^«,#,e«,^^(2))€ 



this it is sufficient to obtain that under the hypotheses of Lemma 



^oi9\) the relation ( |12.44D holds. It follows from ( |12.3ip and ( 

,,(2) 



12.4 



2.45 ) that 



\9293- 



q 



(1) 



(4-At) (At-i)a_ 

92 93 ^(2) 



74:A'^K 

1,2 ^ ^^7T^ < 



this implies that (12.44). This completes the proof of the lemma. 



^12.47) 



□ 



Thus we reduced the problem of estimating a^^z to the evaluation the cardinality of one 
of the sets ^0(9 x), ^{9\), ^{9x)- The choice of the set will depend on fi. Let state one more 
lemma of a general nature. A similar statement was used by S.V. Konyagin in |1^ 17]. 

Lemma 12.5. Let W be a finite subset of the interval [0, 1] and let \W\ > 10. Let f : 

W — !■ ]R+ be a function such that, for any subset Z (IW the following bound holds 



J2fiO)^Ci\Z\'/' + C2 



where Ci,C2 are non-negative constants not depending on the set Z. Then the following 
estimate holds 



Y f\e) <.Cllog\W\+C2maxf{e) 



[12.48) 



with the absolute constant in Vinogradov symbol. 
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Proof. Let number the value of f{6) in the decreasing order 

/i ^ • • • ^ f\w\ > 0. 

If Ci ^ C2, in particular, if C2 = 0, we have 'Yleez f^'^) ^ 2Ci|Z|^/^. Then for any k such 
that 1 ^ A; ^ one has 

k 
n=l 

and, hence, ^ 2Cik^^^'^. Thus 

Therefore, it remains to consider the case Ci < €2- In a similar manner we obtain that 

k 

kfk ^ /n < C,k'/' + C2^fk^^ + ^. 

n=l 



Let 



M = max /(n), L 



C2 



4/3 



We consider three cases. 
1. If L < 10, then 



It follows from the condition L < 10 that C| ^ CiM. Substituting this bound into 



(12.49) and taking into account Ci < C2, we obtain 

E/^W <C'2log|Vr| +C2M. (12.50) 



2. If 10 ^ L < ll^l, then 



fSH' fc^L L<k^\W\ k^L L<fc^|Vl^| ^ ^ 

\w\ c'^ 

< (CiLi/2 + C2)max/(0) + C2log V + (12.51) 
0&W L L 



It follows from the definition of L that CiL^^^M = Then by (12.51) we obtain 



E fiO) < Ci^log \W\ + C2M + (CiC2M)2/3 < C72log + C2M. (12.52) 
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3. If L ^ \W\, then 



V/2(^^)«max/(n) V U ^ {C,\W\^/^ + C2)M. (12.53) 

^ — ^ 8^W ^ — ^ 



2 /3 

It follows from L ^ \W\ that liyj^/^ ^ (cw)V3- Substituting this bound into <\12M\ 



we obtain 

^ < (CiC2M)2/3 + C2M < Cl log + C2M. (12.54) 



Thus, we have proved the desired formula (12.48) for all values of L. This completes the proof 



of the lemma. □ 



13 Dedekind sums. 

The main result of this section will be used in ^T4j Let define the function q{x) in a 
following way q[x) = \ — {x} for x e M/Z and q{x) = for a; G Z. This section is devoted to 
the estimates of generalized Dedekind sums of the following form 

E, Ti 1 , , 72 1 , , , 

The proof of the following statement is based on the Knuth's article [8j. 

Lemma 13.1. let {yi,y2) = 1, P be a natural number, R be a real number and yi,y2 < ^■ 
Then 



{yi,P) + {y2,P) , 2P_^^^1 1^ , 4P 

0<ns£P 

Proof. For any fixed real number a in the interval < a < ^ one has 



> Iril,, nn^ 1 ilri, , n II , 1 1 < 4 mm-^ , }-\ -+01. 13.2 

{Ili/ipll<^} {||y2p||<^} ^ jl ^ p ^y^'y^^ v; V ; 



l{||ail<a} = 2a + p{x + a) — g{x — a), ecjinx 7^ ±a 
l{||xH<a} < 2a + p(x + a) — f)(x — a), ecjinx = ±a, 



and, therefore. 



Il2/ifll<i5}-^{||l/2f||<ij} 



Let ^(?/i75 ± 4) = , then we obtain 



n/2 ,n 1, , n lA 



4P 

+ {^102 + Q1Q2 - Q1Q2 - Q1Q2) = ^ + ^i + ^2- (13.4) 
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To evaluate Ei we need the following well known result. For {p, q) = 1 and for any real x one 
has 

g 



Q{-n + x) = Q{qx) 



(13.5) 



n=l 



see [TO^) CTp.170, jieMMa 483]. Let estimate one of the four summands in the sum Si. Using 

(13.6) 



(13.5), we obtain 



En 1 , , „x , 



P 



0<n^P 



Substituting (13.6) into the definition of Si, we obtain 

(l/l,P) + (Z/2,P) 



|Si| ^ 4- 



R 



:i3.7) 



To obtain an estimate on the sum S2 we transform in the same manner each of the four 
summands of it. Consider the first summand 



E, n 1 . . n 1 , 



0<n^P 



Step 1 We denote 



5i = iyi,P), S2 = {y2,P),y3 = 2/4 = Pi = ^, P2 

Oi 02 Oi 



5i52 



:i3. 



and prove that 

E, n I n 1 ■r-^ / n ^2. , n 5i 

Actually, the change of variables n = {k — l)Pi + m leads to 

E n I n 1 -^-^ -^-^ k ~ 1 Vi m 1 . , k — 1 my2 1 



0<ns£P 



P R' 



■P R' 



l^m^Pi 



Pi R 



m 1, \ ^ , k yoim — P-i) 1 



is;fes;<5i 



Si 



p 



61P1 R 
+ 



Si 



R' 



R' 



Applying formula (13.5) to the sum over k we obtain 

,y2{m-Pi) 61, 



^ y2{m-Pi) 1 
2^ Qm— + ;^ + 



■Si 



P 



R' 



Pi 



R' 



^y2m Si 



l^k^Si 

and, hence, 

E, n 1. , n 1. , m 1. ,y2'm Si. , , 

0<n.^P l^msgPi 

We note that (7/3, Pi) = 1, and as (^1,^/2) = 1 so (7/2, Pi) = (z/2,P) = ^2- Changing the 



variables m = {k — 1)P2 + n and repeating the proof of (13.9), we obtain 

E. m 1 y2m Si. \^ , n S2. , n Si. 
^(^3-^+p)f?( 



Isgm^Pl 



■Pi R'--^ Pi 



R' 



0<ns£P2 



P2 P' 



P2 P' 



(13.10) 



The relation (13.8) follows from (13.9) and (13.10). 
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Step 2 We find x, y such that 

I = ^ + ^^2, I = ^ + ^1, ^ ^^1, < -i, (13.11) 

and prove that 

0<ns£P2 0<ns£P2 ^ z / / 

Actually, in view of 

^%)-^% + ^) = l^^, else, 



we have 

0<n^P2 z z z 0<n^P2 

= ^2 E ^^(|^ + |) + 0(1). (13.13) 
Evaluating by the formula (13.5) the sum in the right side of (13.13) we obtain 

0<n^P2 ^ 0<n^P2 z z z 

The similar transformations of the right side of (13.14) lead to the right side of (13.12). 
3 We make the change of variables m = ny^ + x (mod P2) in the right side of ( |13.12 ). 



Step 3 We make the change of variables m = ny^ + x (mod P2) in the right side of ( |13.12 
Since (1/3, P2) = 1, then y^^ is defined modulo P2. Hence, n = my^^ — xy^^ (mod P^ 
and 

nyg X ny^ y ^ m cm + z ni^^\ 

0<ns£P2 z z z z 0<m^P2 

where c = y^y^^ (mod P2), z = y — ex. 

Let 

Viz)= ^ ^?(-^)^?(— ^), 

0<m^P2 ^ ^ 

then we have proved that 

Yl Qiyi^ + ]^)Q{y2^ + ^) = V{y-cx) + 0{l), 

0<n^P 

where c = y^y^^ (mod P2)- Therefore, 
Y {QtQt + ^'r^'2 - ^'r^'^ - Q1Q2) = Viy - cx) + V{-y + cx) - V{y + cx) - V{-y - cx) + 

0<risSP 
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It is proved in ^ jieMMa 2] that V{z) = V{—z), thus 

J2 + -QiQt- 0tQ2) = 2V^(ca: - y) - 2V{cx + y) + 0(1). (13.16) 



We note that by the symmetry of the left side of (13.15) with respect to x and y, one can 



assume, without loss of generality, that x ^ y,l ^ c < P2- If one of the numbers x, y is equal 
to zero then we obtain by ( |13.16 ) that 



^ {otot + Q1Q2 - Qi Qt - Q1Q2 ) = Oil). 



0<n^P 

So, further we assume x ^ y ^ 1. 
Step 4 For 2; > we prove that 



0(1), 



(13.17) 



where cc ^ = 1 (mod P2)- Since for an integer a one has 

, a , ,a — 1, 



\ — ji^-, if a = (mod P2); 
\ - j>r^, if a = 1 (mod P2); 
'p^i else. 



we have 



V{z)-V{z-l) 



, m / cm + z , 

0<ms£P2 ^ 



, cm + 2 — 1 



1 \ ^ ,m, 1 / .mi, .moA 



[13.18) 



where crrii + 2 = (mod P2) n cm2 + 2 — 1 = (mod P2). Using the formula (13.5) 
we obtain 



V{z)-V{z-1) 
In a similar manner we obtain 



,c ^z. 



P2 



C-^(2-l) 



(13.19) 



V{z - 1) - V{z - 2) = -- U ' ) + q{ ' , 



y(l)-F(0) 



.-1 



i(.(^) + o 



Adding up (13.19) and (13.20), we obtain 



V{z)-V{()) = -Y^Q{^) + 0{1). 

-'2 



(13.20) 



Thus the relation (13.17) is proved. 
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Let h = c ^ = 1/4 ^ys (mod P2), I ^ h < P2. Substituting ( |13.17 ) into (13.16), we obtain 

J2 {QtQt + Qi(^2-(^iQt-QtQ2)='^ Yl Qi^) + Oil). (13.21 



cx—y^j^cx+y 



We transform the sum in the right side of (13.21). The change of variables j = cx + n leads 
to 



hj 



hn + X , 



cx—y^j^cx+y 



P, 



El .hn + X. ,hn — X 
[ QK^^ — ) - Q 

0<n^y 



0<n^y 



2x ,hn + X, 



P2 

,hn — X, 



P, 



0(1)^ 



P, 



^ 0<?isSj/ 



Hence, 



0<ns£P 



0<nsgj/ 



— lis; — 1 



0(1). 



fl3.22) 



By (13.11), taking into account the inequality x ^ y ^ 1, we obtain 

X ^ x + 1 ^ 2x y ^ 61 y + 1 ^ 2y 
Po" R Po P2" R P2 



and, therefore. 



2R'^ P2^ i?' 2i? ^ P2 ^ R' 



(13.23) 



[13.24) 



In particular, ^ ^ Then one has P2 ^ ^ > || = I/4 and, in the same manner, P2 > ys. 
Further, by the definition one has hy4^ = y^ (mod P2). Then in view of 1 ^ /i < P2, < 
2/3)?/4 < P2 there exists k such that 

= 2/3 + ^-P2 

and ^ A; < 1/4. We note that (?/3,?/4) = 1 implies that {k^y^) = 1. Hence, 



hn n y3 + kP2 nk + 



nyz 

P2 



P2 P2 1/4 1/4 

We consider two cases depending on the value of k. 



(13.25) 



1. If A; = 0, then hy^ = y^. So, because of {y^^iyz) = 1, we obtain 7/4 = 1, that is, y2 = 62- 
Then it follows from ( 13.25[ ) that 



E 1 

0<n^y 



ill ll=*P2 



0<n^?/ 



(13.26) 



Using the trivial estimate of the right side of (13.26) and the bound (13.24) we obtain 

P 



E 1 

Q<n^y 



S1P2 P 



R RS2 Ry2 



(13.27) 
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On the other hand, since yyj, = ^ r Si ^ 2 ^ 

x_ ^ S2P2 Si P 



0<n^y 

Hence, by (13.28) and ( 13.27[ ) we obtain 



R yi Ryi 



P ,1 I , 

> 1 rn hnn^ a: 1 < mm-^ , \. 

0<n^y 



(13.28) 



(13.29) 



2. li k ^ 0, then it is necessary to study the inequahty 



P, 



Because 



X 



1 xy^ ^ }^5j2M ^ ^ 1 



P2 Hi P2 1/4 -R 1/4 -R 1O1/4 ' 



(13.30) 



nm ^ym ^ Sim < ^ < 

P2 ^ ^ ^1 ^ ^ 10 



the inequahty (13.30) holds only if yi\nk. Since {k,y4) = 1, one has y4\n. Therefore 

E 1 



E y X P 11 

lr||:}:M||<j^l ^ min{ — , — | ^ — minj — , — }. (13.31) 

. - ^'1 ^=2 ll^-P2^ 1/4 1/3 R 1/11/2 

1/4 



Ip, ll=*P, / III P, II-* p. 



Substituting (13.31) or (13.29) into (13.22), we obtain 



y2 (^'i^^'^ + ft ^'2 - ^'r^'^ - ^'^^'2 ) ^ ^min{ — , — } + 0(1). (13.32) 



Substituting (13.7) and (13.32) into (13.4), we obtain (13.2). This completes the proof of the 
lemma. □ 



14 The case /i = 3. 

Let Qi,Q, P be given. For any g in Qi ^ ^ Q we define by any means the number a^, 
such that [aq, g) = 1, ^ ^ g. Let denote 



Z* = ->e = ^+(3 



(14.1) 



Lemma 14.1. Let fx = 3, X = 2, then for any Z C Z* the following bound on the 
cardinality of the set VJt{g2) holds 



\m{g2)\^\z\\n^^^\(^i 



2Jh 

Qi 



KQiMW\\g2\ 



(14.2) 
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Proof. We use the partition of the ensemble Qn given by the formula (12.6) (that is, by 
Theorem 11.5). For /i = 3 the equation (12.44) becomes the congruence 

= (mod 1), 



^2(^3 z:(i)-93 



(2)- 



(14.3) 



1,2 



vector. Let q = [q'^^\q^^^], then ( |14.3D can be written as 



where the subscripts "l,2"mean that the congruence (|14.3|) holds for both coordinates of the 

(14.4) 



92(9. 



2)1 



{qW,q( 



93 



(ga),g( 



2)1 



= (mod q) 



1,2 



Since det g2 = 1, the congruence (14.4) can be simplified to 



^3 



^(1)^(2) ^(2)^ 

(1) ct^ 'q^ ' (2) 0.^ 'q 



(1) 



^3 



(gW,g(2))^ 



(mod q). 



(g(l),g{2)) 

By setting g^^ = (xi,X2)*, g^^^ = (^1,1/2)* in (14.5) we obtain the congruence 

(mod q) 



(14.5) 



Xi 



^(1)^(2) _ ^(2)^(1) 



(g(l),g(2)) ^l(g(l),g(2) 



(14.6) 



and, the same one for X2,y2- But {a^^\ , '(2) J ^ {a^^\q^^'') = 1 and, therefore 



(g(l),g(2)). 



Xi = (mod 



,(1) 



(g(l),g(2)) 



X2 = (mod 



(g(l),g(2)) 



and the same for yi,y2- At the same time {xi,X2) = (1/1,1/2) = 1 as the component of the 
vectors gl^\ g^\ thus 



« = (g«,g(^)) = g 



(2) 



q 



(14.7) 



Let fix q, for which there are \Z\ choices, this gives the first factor in (14.2). Then it follows 
from the conditions on the set Z that and the congruence (|14.5l) can be simplified 

to 

{9?-9?\2^0 (modq). 



(14. 



We choose and fix the vector g^ , for which there are choices. This gives the second 

factor in (14.2). In view of Theorem 11.5 we have \gl^^ — fl'3^^|i.2 ^ H^. Putting z = {zi, Z2} = 
g^^ — g^^ and using (14.8) we obtain that there are at most ^1 + choices for Zi. This 

gives the third factor in (14.2). Finally, putting i] = "^flu and g2 - 



kmw 

(1) J^)) 



a b 
c d 



where d = \\g2\ 



we write the inequality (12.43) in the form \g2ig3 )|i,2 ^ whence 

-T]-czi r]- czi 

^ Z2 ^ 



d 



d 



Therefore, taking into account the congruence (14.8), we obtain that Z2 takes at most 

2r] _ ( , \A<6A^N 



1 



q||^2| 



qfs:M(i)||c/2| 



values. This gives the third factor in (14.2). This completes the proof of the lemma. 



□ 
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Let 



Qo = max < exp 



.exp(eo^) 



:i4.9) 



Lemma 14.2. If K^Q^ ^ mooA-* ' ^ ^^^"^ following hound holds 



7r'^(^~^)n6(i-<5)+i 



(/3) 



(14.10) 



Qi,Q 



Proof. We use the partition of the ensemble given by the formula (12.6) (that is, by 
Theorem 11.5). Let Z C Z* be any subset. We put = 3, A = 2 and 

m(^) = reA^KQ^, m(^) = yqA^kq. (i4.ii) 



Then the condition (12.45) holds. It follows from the statement of the lemma that inequalities 
(11.41) and (11.42) hold. So all conditions of Lemma 12.4 hold and therefore the estimate 
(12.46) is valid. Since H3 ^ M^^) ^ Qi the third factor in (|14.2D can be replaced by Let 
consider the fourth factor in (14.2). Using the lower bound of (11.55), we obtain: 

146A^iV 146A^iV 3-10M^(M(i)M(^))i+^-" fl^'nA''" ^ (^A ^o^ 
^^KQ.M^na^W^ N «[KQ) ^, (14.12) 

where we have used (14.11 ). Substituting the result of the simplification into (14.2), we obtain 

|ajtfe)|«|z||nt'>|(7?V)"°|?. 



Substituting H^iM'^^^) from (|12.9D, we obtain 



m{g,)\«\Z\\n('^\(K'Q^y''^. 



(14.13) 



(14.14) 



Substituting the obtained bound on |9Jl(5'2)| into (12.46), we have 



Qi 



(14.15) 



Using the estimate (11.63), we obtain 



0-N,Z < 1^ 



N\ 



(M(i)M(3))'5-^o/2 
Substituting M^^^M^^) into (114.111), we have 



Qi 



K 



Qi 



(14.16) 



Applying Lemma 12.5 with W = Z*,C2 = 0, we deduce from (|14.16|) that 



|21>^12£o^20€o^ Q 



^4{l-'5)^6(l-5) 



KQi 



(14.17) 
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Using the trivial bound 

V \SN(d)f^Q y max 



6>eP, 



(/9) 



^14.18) 



where as Og we have chosen numerators for which the maximum is achieved, and substituting 
the obtained bound (14.17) into (14.18), we obtained the desired estimate. This completes 
the proof of the lemma. □ 



Lemma 14.3. If K 12000^^ ' ^1 ^ ^^^^ f^''^ ^ ~ | ]v following bound holds 



\SN{e)\<^\n^\{Kqy 



K q 



(14.19) 



Proof. Let Z = {6}. We use the partition of the ensemble ^In given by the formula (12.6) 
(that is, by Theorem 11.5). We put = 3, A = 2 and 

M(^) = TQA^Kq, M^^^ = IQA^Kq. (14.20) 



Then the condition (12.45) holds. It follows from the statement of the lemma that inequalities 
(11.41) and (11.42) hold. So all conditions of Lemma 12.4 hold. Using Lemma 14.1 with 
\Z\ = 1 and making all transformations in the same way as in Lemma 14.2, we obtain 



\S 



N 



6£0. 



K q 



(14.21) 



This completes the proof of the lemma. 

Lemma 14.4. If Kq ^ Qo, then the following bound holds 

(Kqf'^N^-^+'° 



\S 



N 



N\ 



Kq 



□ 



(14.22) 



Proof. We use the partition of the ensemble given by the formula (12.8) (that is, by 
Theorem [Trsj ). We put /i = 3, A = 2, Z = {6} and 

M(^) = TQA^Kq. (14.23) 



Then the condition ( 12.45 ) holds and therefore the estimate ( 12.46 ) is valid. Since fi*-^^ = {E}, 



the conditions (12.43) and (12.44) can be written as 

^^W^^^r (modg), 
Thus we obtain 



(14.24) 



-{g^/'^g^ (mod q),\9r-9r\l,2^=^^} 



< 1 + 



|^](3)|iv2 



(14.25) 
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as, m view of we have Kq ^ N^/\ Substituting ( |I425| into ( [I2l6| , we obtain 

\s.m « i/, |^]«|^/^ « (14.26) 



Using (14.23) and the lower bound of (11.38), we have 



\s 



N 



N\ 



This completes the proof of the lemma. 



□ 



Lemma 14.5. Let the following inequalities hold ^ gi/2 ^ ^ KQ ^ N" 

and I < « ^ ^ + cq. Then the bound 



<5+3eo 



K 



(14.27) 



holds. Moreover, for any Z C Pq^q the following hound holds 

' jYl-<5+2eo 

i^w(f^)i < |i2^ii^r'' [ 



5^|^^(^^)| « \nr,\\Z\''^ [ _ +iV^-^^+4.5.o^;v^-^W.ogi/2 + 



(14.28) 



Proof. The beginning of both proofs is the sam e. We use the partition of the ensemble Vt^ 
given by the formula (12.8) (that is, by Theorem 11.3). We put /i = 3, A = 2, Z C Pq^q and 



(14.29) 



Then M^^^ ^ IbOA^N"" ^ IbOA^K and so the conditions of Lemma 12.3 hold. Therefore, the 



inequality ( |T2lM| ) holds. It follows from 1^2^ and ([l2^ that 



1^3- 



(1) 



^3 



(2) 



(2) 



1,2 



74:A^K 



(14.30) 



Let g^^ = (xi,X2)*, (73^'' = (?/i,?/2)*; then it follows from Theorem 



(2) I / • 

93 - 93 |i,2 ^ mm 



73A2Ar 73A2iV N 

+ 



M(i) ' M(i)ir K 



93 



7(1) 



^3 g(2) 



1,2 



11.3 



that 



max{yi,y2} = ^2 ^ 



73A2Ar 



We denote 



Y 



xi yi 
X2 y2 



, y = det{Y) = xiy2 - 1/1X2. 



(14.31) 



(14.32) 



(14.33) 
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Then it follows from the triangle inequality that 



,,(1) 



,(1) 



,(2) 



,(2) 



(14.34) 



of (14.34) 



Applying (14.30), (14.32) and (14.29) we similarly estimate both summands in the right side 



a« lAA^Kl^A^N 1 1 



(14.35) 



Hence, 3^ = (mod q^^^) and similarly 3^ = (mod g^^^). So one has 3^ = (mod q), where 
q = g(2)] and so Qi ^ q ^ Q"^ . 

To prove the inequality (14.27) we put Z = Pq^q and use the bound (12.34). The set 



9T((y'2) can be represented as a union of the sets QJli,0Jl2- For the first set 3^ = 0, for the 
second one y 0. 



1. To prove the estimate (14.27) we use the following bounds 



(14.36) 



which will be proved below in Lemma 14.6 and 14.7 respectively. Hence 



Substituting (14.38) into (12.34), we obtain for e = eo : 



(14.37) 



[14.38) 



aj,,z « lOH, |^](3)|l/2 ("gi+eo ^ 73A'N^+y'/' ^ N^oQiA 39) 

We note that it follows from the condition of the lemma that Q^/2jy<:o/2 ^ ^j^g jg^g^ 



inequality in (14.39) can be omitted. Using the bounds (11.63) and (11.38), we obtain 

1 



|^(l)|l/2|^(3)|l/2^ 1^ 



N\ 



iV^-eo/S 



(14.40) 



Substituting ( |14.40[ ) into ([14.39|), we obtain 

1 



TV 



(14.41) 



Substituting M^^^ from (|14.29l), we obtain 



Thus the bound (14.27) is proved. 
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2. To prove the estimate (14.28) we use the bound (14.36) and 



«. \z\ 



M(i) 



+ 



\2aT\ 2 



Q 



l+e 



(14.43) 



the last will be proved in Lemma 14.8 Hence, 



1/2 



gl/2+. I +gl+^|^(3)|l/2_ 

(14.44) 



Substituting (14.44) into (12.34), we obtain for e = eo : 



+(M«)i+2eo |^](i)|^/'gi+^o|^{3)|i/2_ 



Using the bounds (11.63) and (11.38), we have 



<5+2eo 



AT 



N\ 



N\ 



]S[2S-eo 



(14.45) 



(14.46) 



Substituting ( |14.46[ ) and ( |14.40[ ) into ( |14.45[ ), we obtain 



^^l/2-25+.o(^(l))l/2+5+4e„gl/2+eo\ ^ 



(M«)i 



+2eo 



-Q 



l+e 



Substituting M^^^ from (|14.29|), we obtain 



jYl-5+2eo 



Thus the bound (14.28) is proved. 
This completes the proof of the lemma. 

Lemma 14.6. Under the hypotheses of Lemma 14 -51 one has 

\mi\ g2+e|^(3)|_ 

Proof. To simplify we denote 



□ 



(14.47) 



M(i) 
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We recall that M^^) is defined in (|14.29|). It follows from the condition ;y = that ^ = ^. 
Since 



(1) ^(2)^ 



one has (a;i, X2) = 1, (1/1,^2) = 1 and, hence, Xi = yi, X2 = y2- In particular, \(5{g)^ — g-^ 



Il,2 



0. 



Then it follows from the inequality (12.29) that 



qW g(2) 



IIZ/I 

and, in the same way, 

i^J.K E E E' E' 1 

en(3) Qis£g(l),g(2)<£Q0^a{l)^g(l) 0^a(2)^g(2) 



(14.48) 



< TT < 4- Thus we obtain 

-01 ri 



(14.49) 



We denote P = [q^^\ g*-^-*] and write 



j(i) o(2) — p 



^. WE note that 



#{a«,a(2)|a«^-a 



(2) 



P 



(1) 



(2) 



n. 



1 ^ a« < g«, 1 ^ a(2) ^ ^ (g(l),g(2)), 



then (|14.49|) can be written as 

E 



\n\<P 



(14.50) 



Applying Lemma 13.1 we obtain 



(14.51) 



Using (11.46), we have 
P 



..11, P ^ PUOA^Hi ^ 150A^P 

mm\ — , — \ = < < = 01. 

R Ry2 R N ^ N 



Since Q ^ N^/^ ^ R, one has ^ g = 0(1). Hence, 

E E ( '^-^' + '^^-^> 

(2)^7^,-i^ n.^r,(i) r,(2)^n ^ 



+ 0(1) . 



(14.52) 



Let estimate the first summand in (14.52): 



Qls£g{l),g{2)sgQ 



yi,y2<T 



g(l),g(2)^Q 



yi<T 
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Because of 



J] (yi, P) ^ J] d J2 1 TP^ «, TQ 

yi<T 



2e 



d\P yi<T 
d<T yi=0 (mod d) 



we obtain 



,(2)^ 



j/i,S/2<T 



Since 



one has 



2+e 



(14.54) 



(14.55) 



g(2)=0 {mod d) 



yi,y2<T 



'2Q2+3e 

R ' 



(14.56) 



Substituting (14.56) into (14.52) and using (14.55), we obtain 

«, ^^^^ + Q2+^|r](3)| «^ Q2+.|^(3)|_ 

This completes the proof of the lemma. 

Lemma 14.7. Under the hypotheses of Lemma one has 



73 A^N^ ^ 
MWK 



+ 1 N'Q. 



(14.57) 

□ 

(14.58) 



Proof. Since ^ max{xiy2, X2yi} ^ X2y2, then applying the bound (14.32) to each factor 
we obtain 



73 A'^N^ ^ 
Af(i) 



(14.59) 



As q|3^ and 3^ 7^ 0, one has 



q « mi„{Q^ 1^1} « m„>{Q=. (I|^)^ « Jq^ ("^J ^ q'-^. (14,60) 



f73A'^NV 73A^N 



It follows from the conditions of the lemma and from (14.29) that 



74^2^ 73A'^N7AA^K 



< 1. 



(14.61) 



By (14.61) we obtain that the right side of (14.30) is less than ^, whence 

11^3 ^-^3 ^l|l,2 = 0. 



(14.62) 
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It follows from the equation (14.62) that the congruence (14.5) holds, from which we deduced 
in Lemma [14.11 that 



g(i)=g(2) = q, (^w^(i)_^i-ia^^))^2 = o (modq). 



_ .(2) (2). 



Then by (14.31) we obtain 



(1) (2), . 73A2iV 



(14.63) 



(14.64) 



Hence, if we fix g^^^ G then for g^^ there will be at most (^^|§y^j + 1 choices. So we 

have defined y. But then there are at most t(3^) choices for the number q^^^ = q^'^^ = q since 
q|3^. It is known (see [16^ p.91]) that 



T{y) <: (eiog2)- 



^cxp(l/e)-ye 



for any e > 0. With g*^^^ being fixed there are at most g*^^^ ^ Q choices for a^^\ We note that 
if gl^\ gf\ a^^^ are fixed then a(2) is uniquely determined by (|14.63l). Actually, we write 



^?W = (xi,X2)*, gi'^ = {y„y,y, 



then it follows from (14.63) that 

Xia^^^ = yia^"^^ (mod q), X2a^^^ = y2a^'^^ (mod q). 
Since (a^^\q) = (a*^^^ q) = 1, we have 

Si = (xi,q) = (?/i,q), 62 = ix2,q) = (y2,q), 



and {51,82) = 1, as {xi,X2) = 1. Then one can obtain from (14.66) that 



= Aia(i) (mod ^), a(2) = A2a^'^ (mod ^ 
81 62' 



(14.65) 



(14.66) 



(14.67) 



(14.68) 



These two congruences are equivalent to the congruence modulo [^, J^] = q, and hence a^^-* 
is uniquely determined. Finally we obtain 



+ 1 N'Q. 



(14.69) 



This completes the proof of the lemma. 

Lemma 14.8. Under the hypotheses of Lemma 14-5\ one has 



□ 



M(i) 



M(i) 



(14.70) 
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Proof. Repeating the arguments in the proof of Lemma 14.7, we obtain (14.63) (14.64). To 
simphfy we write T = '^^(ij^ and use the notation (14.65) and (14.67). ifg^^ gy~^~a^^ are 
fixed, then it has been proved in Lemma 14.7 that a(2) is uniquely determined by (|14.63l). 
It follows from the congruence (14.63) that Xiy2 = X2yi (mod q). Thus there are \Z\ choices 
for ^ and we obtain the inequality 



{xiy2=X2yi (mod q)} 



(14.71) 



We denote 



then 



xi X2 yi y2 q 

Oi 02 Oi 02 Oid2 



^ \Z\ ^ ] ^ ] ^ ] l{a;3j/4=a;4?/3 (modp)}- 



(14.72) 



Because of {x3,p) = {x4,p) = 1 the congruence can be written as 7/4 = cy^ (mod p), where 
c = x^^Xi (mod p). Then,using the result for the number of solutions of such congruences in 
[TB| p. 18], we obtain 



'Y^'Y^^{x3y4=^4y3 (modp)} X^X^l{y4=cy3 (modp)} 
J/3 J/4 J/3 J/4 -f^ O1O2 



-^^ + 0(.(")log2p), (14.73) 



where s{a) = ^ is the sum of partial quotients of the number a = [0]ai, . . . ,as 
Substituting (14.73) into (14.72), we have 

■|1](3)|T2 



m2\^\z\[^-^^ + \og'Qj2J2' 



.X3 X2s 



(14.74) 



Using the following result of Knuth and Yao [9j , 

^s(a/6) < 61og^6, 



we obtain 



E E »(^) < E (^ + 1 j I ' < + r,) log',. (14.75) 



xi^T 



Substituting (|14.75|) into (|14.74|), we obtain 

|fi(3)|T2 



This completes the proof of the lemma. 



_2 + T'Q' + TQ 



(14.76) 



□ 
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Corollary 14.1. Under the hypotheses of Lemma 14-5 , one has 



(14.77) 



Qi,Q 



where 



Arl-5+2eo 



1/2 



(14.78) 



Proof. It was proved in Lemma 14.5 that for any Z one has 



e&z 



Applying Lemma 12.5 with W = P^^Iq, f{e) = we obtain 



y |57v(^)r < l^^jvrCiV + |fijv|iV^"'^+'-^'''g max 



(14.79) 



To estimate the maximum we apply Lemma 14.4 and obtain (14.77). This completes the 
proof of the corollary. □ 



Corollary 14.2. Under the hypotheses of Lemma 14-5 with a = ^-y^, then 



E' 



a 



Sn{- + 



q N' 



jY2(l-5)-l/4+5eog JY2(l-5)+4eogl/2 



(14.80) 



Proof. Estimating |S'iv(- + '^)| by the maximum over a,q, we obtain 



E* 



q ' N 
2 



^ max 

l^a^g,(a,q) — 1 



E* 



(14.81) 



a = ^-^^y we obtain 



To estimate the maximum we apply Lemma 14.4 Using the first item of Lemma |14.5| with 

^2(l-5)-l/4+5eog JY2(l-<5)+4eogl/2 



E 



a 



SNi- + 



q N' 



+ 



2-2eo^l-2eo 



This completes the proof of the corollary. 



□ 



15 The case fi = 2. 



We recall that Qo is defined by the equation (14.9). 
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Lemma 15.1. Under the hypotheses of Lemma 2^, if the inequalities 
hold, then the following bound is valid 

E \SMf«\^N\'- ^ ^ ^ 



(15.1) 



Proof. It follows from (14.18) that it is sufficient to prove the bound 



N\ 



(15.2) 



for Z* in (14.1). Let Z C Z* he any subset. We use the partition of the ensemble given 
by the formula (12.7) (that is, by Theorem 11.4). We put /i = 2, A = 3 and 

M(^) = 75A^KQ'', M(') = {75A^KQy^/^+'^'\ (15.3) 



then the condition (12.45) and all conditions of Theorem |1 1 .4| hold. Hence, all conditions of 
Lemma 12.4 hold and therefore the estimate (12.46) is valid. For the equation (12.44) can be 

= (mod 1). 



written as the congruence 



(9: 



(i)a 



2 g(i) 



92 



(2) 



)93 



(15.4) 



1,2 



In the same way, as it was done in Lemma 14.1 we obtain 



q 



and, hence, a^^^ = a^'^\ since the definition of the set Z* in (14.1). Then the relations (12.43) 
and ( |12.44| ) imply that 

i9?-9?)93 (i9i'^ - 9'^^)9s) -0 (mod q). (15.5) 

1,2 MWK V /i,2 



We write 



' (2) (,lj V II 'II \^ II 1^)11 17 

V = 92 93, v = 93,7 = 92\X = \\r] ||, Y = ||^^ '||, Ki = K 



(2) I 



:i5.6) 



Without loss of generality we may suppose that ||5'2^^|| ^ ||fi'2^''||) then ||7|| ^ Y. It also follows 
from the properties of ensemble that ||7|| x Y. Moreover, it follows from the bounds proved 



in Theorem 11.4, that 



K 



(M{i))4^o(M(2))2eo 



(M( 



2)\2eo 



(M(i))2^o' (M(i))2^o 



(M(2)) (M(2)) 1+2^0 



(Mw; 



2eo ■ 



The relations (15.5) can be written as 



bv - ^11,2 < -rr, ilV-v') 1,2 = (mod g). 



(15.7) 



(15.8) 
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Let verify whether the conditions of Lemma 2A_ hold. To do this it is sufficient to confirm 
that Y < X, {QKiY^/^ < Y, that is, it is enough to check that 

(Fg)13/5 < (M(2))l-26e„/5(^{l))16.o/5^ g) 

The inequahty (15.9) is satisfied by the choice of parameters M^^\ M^'^\ Thus to estimate 
the cardinahty of the set VJl^g^) Lemma 2.1 can be apphed as follows. We fix the vector g2 , 
for which there are choices. We also fix for which there are \Z\ choices. It has been 

proved that then ^ is fixed. Hence, for a fixed g-^ we have 



|9?i(^?3)|« 



y2 



(15.10) 



Using the bounds (15.7), we obtain 



(M(2) ) 2+8^0 (]Vf(l)) 



n^'^ \z\ < 



(KQ) 



26/5+43eo(^^g2^|4eo 



Substituting (15.11) into ( |12.46 ), we have 



\n^^^\\z\. (15.111 



13/5+22eo(-;^g2^2eo 



(15.12) 



Using the lower bound of (11.63) and l^^*-"*^^! , , we obtain 

^M(^)y-S+2,5eo (]^g)13/5+22.o(]^Q2)2.o 



^1^^(0)1 «|Z|i/2|^;v| 



eez 



(M(2))5-^o/2 



KQ, 



(15.13) 



Substituting (15.3) into (15.13), we have 



KQi 



(15.14) 



Applying Lemma 12.5 with W = Z*, C2 = 0, f{6) = ^-^0^, we obtain (15.2). This completes 



the proof of the lemma. 



□ 



Lemma 15.2. Under the hypotheses of Lemma 2J_, if the inequality Kq > Qq holds, then 
the following bound is valid 



\SNm « 



N\ 



Kq 



(Kq) 



f (l-5)+19eo 



(15.15) 



Proof. We use the partition of the ensemble il^ given by the formula (12.7) (that is, by 

(15.16) 



Theorem 11.4). We put yU = 2, A = 3 and 

M(i) = 75Amq, M(2) = (75A2i?g)i3/5+ii^o 



then the condition ( 12.45 )of Lemma 12.4 holds. Suppose that the inequality 



(15.17) 
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is valid. Then all conditions of Theorem |11.4|hold and, hence, all conditions of Lemma [12.4 



hold. So one has the bound (12.46). Below we will use notations (15.6). Verification of the 



feasibility of conditions of Lemma 
the cardinality of the set VJtlg^) Lemma 2.1 can be applied 

y2 



2.1 can be done in the same manner. Thus to estimate 



m93)\ « 



(15.18) 



Using the bounds (15.7), we have 



I ^33)\ ^^^^2 I I (^^)2 I I 

Substituting (15.19) into ( |12.46 ), we obtain 

\SN{e)\ « H, 1^(2) 1 (]^^)8/5+24eo_ 

Using the lower bound of (11.63) and l^^^'^l , , we obtain 



(15.19) 



\Sr,m<^\^N\iKqp 



(l-5)-l+19£o 



(15.20) 



(15.21) 



and the inequality (15.15) is proved under the condition (15.17). 



Let next the inequality (15.17) be false, that is, 

N <: (Fg)i«/5+i9^o. 



(15.22) 



Then the conditions of Lemma 14.4 hold. Applying (14.22) and taking into account ( |15.22 ) 
we obtain 



\SNiO)\ < \nN\{Kq)'i^'-'^~'+^''>. 
This completes the proof of the lemma. 

16 Estimates for integrals of \SN{d)\'^. 

Lemma 16.1. The following inequality holds 



(15.23) 

□ 



SNi- + 



q N' 



(i6.i; 



where YT "^^^.^s that the sum is taken over a and q being coprime for q ^ 1, and a = 0,1 
for q = I. 

Proof. It follows from the Dirichlet theorem that for any 6 G [0, 1] there exist a, g G N and 
/3 G M such that 

^=^+/3, (a,g) = l, 0^a^g^iVV2, |^| ^ 
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so 



Sn{- + P) 

q 



Sn{- + P) 

1 



d(3. (16.2) 



■ qN 



The change of variables j = cx + n in (16.2) leads to the inequality (16.1). This completes 
the proof of the lemma. □ 



We recall that 



Qo = max < exp 



c2 / ' 



.exp(eo^) \ . 



Lemma 16.2. The following inequality holds 

f\s,{e)fde^2Ql\^ + l^ J]* 



Sn{- + 



q N' 



dK+ 



1 

N ^ 



I ^ Q 



a 



Sn{- + 



q N' 



. _ _1 /o ^ 



9>Qo 1^1=* — 



dK. (16.3) 



Proof. To simplify we write f{K) = \Sn{- + 



N' 



then 



j f{K)dK= I fiK)dK+ 

/ fiK)dK+ Y* [ f(^)dK. 



f{K)dK+ 



a I I ^ Q 



(16.4) 



Qo 



l^a^q^Qo 



Qo 



We estimate the fourth integral trivially 



EE 



f{K)dK <: 2QI\Qn\\ 



(16.5) 



Qo 



Substituting (16.5) into (16.4) and using (16.1), we obtain (16.3). This completes the proof 
of the lemma. □ 



First we estimate the third integral in the right side of (16.3). It is convenient to use the 
following notation 



Lemma 16.3. For 7 < | and eg G (0, the following inequality holds 



1 

N ^ 



«1 



Qo 



a 



SNi- + 



q N' 



dK < 



N\ 



(16.6) 



(16.7) 



57 



conditions of Lemma 14.4 hold. Applying this lemma we obtain 



Proof. We denote by / the integral in the left side of (16.7). Since K ^ 1, q > Qo, the 

(16.8) 



, jV27+2eo 



2-4eo 



dK 



K 



■2-4eo 



N\ 



q2-4eo q 



since \K\ ^ ^ ^ 1 and, hence, K = 1. Substituting (16.8) into (16.7), we obtain 



1 y* j^lMl y 

N ^ N ^ 



jY27+2eo 



9>Cl 



2-4eo 



(16.9) 



By the choice of the parameter ^i, we have 



jY27+2eo jY27+2eo 



2-4eo 



l-4eo 



^ N'''' < 1. 



(16.10) 



(16.10 


) into ( 


16.9 


), we obtain (16.7 



Lemma 16.4. For 7 < | and cq € (0, o^Tm) following inequality holds 



1 

N ^ 



1>Qq \K\^^ 



a 



Sn{- + 



q N' 



dK < 



N\ 



N 



(i6.li: 



Proof. We denote by / the integral in the left side of (|16.11|). Thus q > Qq, so one has K = 1 
auditions of Lemma 



and, hence, all conditions of Lemma 14.3 hold. Applying this lemma we obtain 

dK 



Qo 



(_ft')l-47-12eo 



(16.12) 



since ^ ^ ^ 1 and, hence, K = I. Substituting (16.12) into (16.11), we have 



N ^ 



N\ 



N 



y ^47-2+12eo_ 



(16.13) 



By the choice of parameters 6, eo we obtain (16.11 ). This completes the proof of the lemma. 

□ 



Thus we have estimated the third integral in the right side of (16.3). Next we estimate 
the second one. 



Lemma 16.5. Under the hypotheses of Lemma 2.1 for 7 < | and eo G (0,2^) the 
following inequality holds 



1 

N ^ 



,a K. 



SNi- + 



q N' 



dK<. 



N\ 



N 



(16.14) 



(7^1 I ^ a 
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Proof. We denote by / the integral in the left side of (16.14). Applying Lemma 15.2 
obtain 



we 



/ < I^n] q 



2^f 7-2+38eo 



f 7-2+38eo 



dK < 



\n 



N\ 



(16.15) 



by the choice of the parameter 7. Summing (16.15) over ^ a ^ g ^ Qq, we obtain (16.14) 
This completes the proof of the lemma. 



It remains to estimate the first integral in the right side of (16.3), that is, 

2 



1 Y^-t 
N ^ 



a 



SNi- + 



q N' 



dK. 



□ 



(16.16) 



The following lemmas will be devoted to this. We partition the range of summation and 
integration over g, K into nine subareas: 



€1 




T ^ 


4 














9 


8 






G 




3 





Lemma [16.6| corresponds to the domain 1, Lemma 16.8 corresponds to the domain 2, Lemma 
|16.9 corresponds to the domain 3, Lemma 16.10 corresponds to the domain 4, Lemma 16.11 
corresponds to the domain 5, Lemma 16.12 corresponds to the domain 6, Lemma 16.13 
corresponds to the domain 7, Lemma 16.14 corresponds to the domain 8, Lemma 16.15 
corresponds to the domain 9. 
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Lemma 16.6. For 7 ^ 



13-V145 



5eo, Co G (0, 257)0 ) following inequality holds 



1 

N ^ 



1>Q0 



ivl/2 



N\ 



N 



(16.17) 



Proof. We denote by / the integral in the left side of (16.17). Applying Lemma 14.4 
obtain 



we 



, jV27+2eo 



N\ 



2-4eo 



dK 



JVl/2 



K 



■2-4eo 



N\ 



jV27+2eo 



(16.18) 



Substituting (16.18) into the left side of (16.17), we have 

12 



1 

N ^ 



.>Qo 



5jv(- + 



q N' 



dK < 



N\ 



Ar27+2^0 



rl/2 y '=1 



(16.19) 



By the choice of the parameter ^1, we obtain 



EjY27+2eo jY27+4eo 
— < 1 < Ar-«'/2 < 1. 



■4eo 



(16.20 


) into ( 


16.19 


), we obtain ( 


16.17) 



(16.20) 



□ 



Let 



and let 



Ci = Ci 



(iV), C2 = C2(iV), go ^ Ci < C2 ^ iVV2, 



h = MN,q), h = f2{N,q), ^ ^ < ^ , 

q q 

mi = min{/i(iV,iV,),/i(iV,iV,+i)}, ma = max{/2(iV, iV,), /2(iV, iV,+i)}. 

We recall that the sequence {Nj}'^']j\^ was defined in (9.4). 

Lemma 16.7. If the functions fi{N,q), f2{N,q) are monotonia for q, then the following 
inequality holds 



Sn{- + 



q N' 



dK C 



E 



dK. 



(16.21) 
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Proof. The interval [ci,C2] can be covered by the intervals [Nj, Nj^i], then 



Interchanging the order of summation over q and integration over K, we obtain (16.21 ). This 
completes the proof of the lemma. □ 



To simplify we denote Qi = Nj, Q = Nj^i. Using the relation of Lemma 9.1, we obtain 



Q_ 
Qi 



^ Q^o ^ N'°/'^, c}"'° ^ Qi ^ C2, ci^Q^ c. 



l+2eo 



Further, we will use this bounds without reference to them. We recall that K = max{l, \K\}. 
We note that we will always have m2 ^ 1, thus for 77 < 1 we have 



/ 



dK 



(16.22) 



For 1] > 1 we always have 



/ 



dK 



< 



m\^\K\^m2 

However, if mi ^ 1, then for 77 > 1 one has 



K m{ 



r,-l- 



(16.23) 



dK 



K 



< 1. 



(16.24) 



Lemma 16.8. For 7 ^ 

1 \* 
N ^ 



m\^\K\^im2 

13-V145 _ gg^^ g (^Q^ following inequality holds 



a K. 



SNi- + 



q N' 



dK < 



N\ 



N 



(16.25) 



Proof. We use Lemma [l 6 . 71 with 



ci = iV2^+^-, C2 = iV^^+^^-, A = , /2 = — , mi = m2 



? " Q Q 

We note that KQ ^ A^^^^^ ^ jYi/2+£o/2^ ^j^^g^ applying Corollary 

2 



Qi 



14.2 



we obtain 



a K, 



SNi- + 



q N' 



N\ 



jY27-l/4+5eog jY27+4eogl/2 
(Zgi)l-2^0 + i^2-2.o^l-2.o 



(16.26) 



Using ( 16.22) while integrating the first summand over K and using (16.23) while integrating 
the second one, we obtain 



E" 



a K. 



SNi- + 



q N' 



dK < I^Afl^fA^^'^" 3+7^0-^ + jY27+4eo+(47+15eo)(-l+2€o)^!^Y 
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Thus Q ^ A^47+i5co^ ^ ^ and 7 < | - 4eo, we obtai 



am 



/ ^' 

y , jv,<(7<jv,- 1 -I 



a 



SNi- + 



q N' 



dK < WLnVN 



2/\r-0,leo 



Since the number of summands in the sum over j is less than log log iV, one has 



s 



,a K ^ 



dK < IQnI . 



(16.27) 



This completes the proof of the lemma. 

Lemma 16.9. For 7 ^ is-vTis _ g^^^ ^ (^q^ following inequality holds 



□ 



^ / 



,a is:. 



q N' 



dK < 



TV 



N 



(16.28) 



Proof. We use Lemma [l 6 . 71 with 



ArV2 



Applying Corollary 14.2 we obtain the bound (16.26). Using (16.22) while integrating the 
first summand over K and using (16.24) while integrating the second one, we obtain 

Q , Ar2'Y+4en Q 



a K. 



SNi- + 



q N' 



dK < |f]^|2('iV27-l/4+7eo W ^ ^27+4.o_ 

V Qi Qi 



2.0Ql/2y 



Thus ^ iV^'^^o, ^ JY27+7.0 and 7 < I - 4eo, we have 



/ ^ 



Since the number of summands in the sum over j is less than log log iV, the lemma is proved. 

□ 



Lemma 16.10. For 7 ^ 



13-V145 



5eo, Co G (0, 2^) the following inequality holds 



1 

iV ^ 



,a /ST. 



57V(- + 



dK^ 



N\ 



N 



(16.29) 



Proof. We use Lemma [l 6 . 71 with 

jY37+12eo 7Y37+12eo 
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Applying Corollary 14.2 we obtain the bound (16.26). Using (16.22) while integrating the 
first summand over K and using (16.23) while integrating the second one, we obtain 

2 



,a 



Sn{- + 



q N' 



dK < \VLn\^(n'^^~'^/'^^'^^° + iV^7+5eo + (37+12eo)(-l+2eo)^!^Y 

v Qi 



Thus ^ ^Q'°,Q ^ iv27+i0eo and 7 < I - 4eo, we obtai 



am 



/ ^* 



a 



SNi- + 



q N' 



dK < \nN?N-^'^'\ 



(16.30) 



Since the number of summands in the sum over j is less than log log the lemma is proved. 

□ 



Lemma 16.11. For 7 ^ 



13-V145 



5eo, Co ^ (0, following inequality holds 



1 



jv47+15eo 



iV 



iV 



(16.31) 



Proof. We use Lemma [16.71 with 

7^47+1560 /Y47+15eo 

Q Qi 



Applying Corollary 14.2 we obtain the bound (16.26). Using (16.22) while integrating the 
first summand over K and using (16.23) while integrating the second one, we obtain 

2 



a 



Sn{- + 



q N' 



Thus Q ^ and 7 < I - 4eo, we obtain 



/ ^' 



,a K^ 



SNi- + 



q N' 



dK < \Qn\^N-^'^'°. 



(16.32) 



Since the number of summands in the sum over j is less than log log A^, the lemma is proved. 

□ 



Lemma 16.12. For 7 ^ 



13-VT45 



5eo, eo G (0, 9^) the following inequality holds 



1 

N ^ 



l^a<ns;iv47+14<!0 



a K. 



SNi- + 



q N' 



dK < 



N\ 



N 



(16.33) 
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Proof. We use Lemma [16.71 with 

ci = ei, C2 = iv^^+^^^«, A 



° 1, mi = — , 1712 = mmjA/ ' 



jY47+15eo 

Qi 



and estimate the inner sum in the obtained relation. Applying Corollary |14.1 with a 
47 + 15, 5eo, we obtain 



(16.34) 



where 



jY27+4eo 



+ j\r-47^+77-l+25eo _^ ^^-47^+97" 



j+33eo 



^47-|+12eoQ 
(ZQi)l-2eo ' 



(16.35) 



Since the number of summands in the sum over j is less than log log to prove the lemma 
it is sufficient after taking an integral to obtain a quantity less than N~^'^^^\ We estimate 
separately the integral of both summands in (16.34). We note that for r] ^1 one has 



/\r47+15eo 

QldK < g^minlATT+e^o, —— } < QlN^^+^'')i^-n) 

Qi 



Qi 



mi^\K\^m2 



jY(37+9eo)'?+7+6eo 



(16.36) 



1. The estimate of C\Q'^°. Using (16.24) while integrating the first summand over K and 
using (16.36) while integrating the second and the third one, we obtain 



Qi 

mi^\K\^m2 

_|_jY-472+97-|+33eojY47+16eo 

Since Q > ^i, and substituting in the first summand we obtain 



(16.37) 



Qi 



< 



Q 



< 



jV27+6eo 



In view of the conditions on 7, eo the second and the third summands are less than 
j\r-o,ieo_ 



2. The estimate of C2. Using (16.24) while integrating over K we obtain 



! C2dK < AT^T- 1+12^0 ^AT^O ^ Jv47-|+14eo ^ ^-0,l.o_ 

J Qi 



The last inequality holds in view of the conditions on 7, eo- 
This completes the proof of the lemma. 



□ 



} 
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Lemma 16.13. For 'j ^ 



13-V145 



— 5eo, Co G (0, 257)0 ) following inequality holds 



(16.38) 



Proof. We use Lemma [16.71 with 



ci = Qo, C2 = 6, /i = — , /2 = min{^i, }, mi = — , ms = min{^i, 



}• 



and estimate the inner sum in the obtained relation. Applying Corollary |14.1| with a 

37 + 12, 5eo, we obtain 



(16.39) 



where 



C2 ^ + ^-37^+67-1+22.0 + ^-37^+7,57-l,5+28.og = ^. (16.40) 

As usual it is sufficient to to obtain a quantity less than A^^^-^'^o after taking an integral over 
K. The integral of C2 can be estimated in the same way as in Lemma 16.12 Thus we have 
to estimate only the integral of CfQ'^°. We note that for rj ^ 1 one has 



Q^.dK < Ql min{ei, — ^ } ^ Qlit'^ 



jY37+12eo ^^ V 

Qi 



jY(7+6eo)»?+27+6eo 

(16.41) 



We estimate separately the integral of each of the three summands in ClQ^° . Using (16.23) 
while integrating the ffist summand over K and using (16.41) while integrating the second 
and the third one, we obtain 

C^Q'^dK < ^ ^ f + iV-37^+87-1+28.0 + ^-37^+10,57-l,5+41.o^^g, 



Ql 



6 



mi^\K\^m2 



The ffist summand is less than N~'^'^'^° since the definition of ^1. The second and the third 
summand are less than A^~°'i^o because of the conditions on 7, eo. This completes the proof 
of the lemma. □ 



We denote 



V369 - 7 „ „^ 

= = 0, 61 



20 



Qc = 



1 

v + 1 



[16.42) 



Lemma 16.14. For 7 ^ 



/369+23 



8eo, eo € (0, 2^) the following inequality holds 



1 

N ^ 



9>Qo 



Qo 



dK < 



N\ 



N 



(16.43) 
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Proof. We partition the left side of ( 16.43[ ) into two sums 



q>C 



Qo 



^|X|s^min{(i^^£L} 



(16.44) 



i>Qo '^ii\K\siq'^ 



i>Qc ^^\K\^- 



For both of these sums we apply Lemma 16.7 with 

Qo 



Cl = Qo, C2 = Qc, fl 
for the first sum and with 



Q 



f2 = q"", mi 



, m2 = Q'' 



Cl = Qc, C2 = 6, Ji = — , J2= —, mi 

q q 



Qo 
Qi 

Qo ^1 



for the second one. To estimate both sums we use Lemma [14.21 



E' 



Nj^q^N^ + l 
l^a^q 



N\ 



_;^^T+12^0g67+l+20eo 

Wi ' 



(16.45) 



The conditions of Lemma 14.2 hold in both domains because of the choice of the parameter 
^1 and the conditions on 7, eo : 



Using (16.22) while integrating the first summand over K we obtain 

2 



/ ^* 

,,,, Ni^q^Nj,-, 



S. 



,a K , 

- H 

q N' 



< |fi^|2Q67-l+22.og.(47+12.o)_ 



(16.46) 



For the sum over j to be bounded by a constant, it is sufficient to have 

7 ^ ^ ~ (23 + 1^^)^° ^ 67 - 1 + 22eo + + 12eo) ^ -0, leo. 
6 + 4z/ 

Substituting the value of u, we obtain that it is sufficient to have 7 ^ 

^^^^^^^^^^ V 0'L)iy~\~^o 

(16.22) while integrating over K, we obtain for the second sum 

2 ^47+12eo 



(16.47) 
5eo. Using 



E 



Ni^q^Ni,-, 



r 



12eo 



47+12eo + (27-l+10eo)/(i^+l) 



^ g27-l+10eo^47+12£o ^ 

For the sum over j to be bounded by a constant, it is sufficient to have 

47 + 12eo + (27 - 1 + 10eo)/(z/ + 1) < -0, leo, 

which is equivalent to 

1 - (23 + 12z/)eo 



7^ 



6 + Au 



This inequality can be checked in the same manner as (16.47). This completes the proof of 
the lemma. □ 
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Lemma 16.15. For 7 ^ 



/369+23 



1 

N ^ 



8eo, Co G (0, 25^) the following inequality holds 
a K 



i>Qo q^^lK]^^ 



SNi- + 



q N' 



(16.48) 



Proof. We use Lemma [16.71 with 



Cl = Qo, C2 = Qc, fl = q", /2 = — , mi = Qi, 1712 = ^ 

q Qi 



Let verify the conditions of Lemma 15.1 



(KQ) 



18/5+21eo 



Q ^ 



Qi 



18/5+21eo 



Q ^ ^18/5+21^0 gl+5£o ^ ^ 5(17+1) +^^'^^0 



< N 



Substituting ^i, we obtain that the last inequahty follows from 

5(1 + z/) 



7 



46 + 36u 



5eo, 



which holds in view of the definition of u and the conditions on 7. Applying Lemma [15.1 
obtain 



we 



a 



SNi- + 



q N' 



(16.49) 



Using (16.23) while integrating over K, we obtain 

2 



a 



Sn{- + 



■q N 

For the sum over j to be bounded by a constant, it is sufficient to have 

5(1 + Z/) 

7 ^ ben. 

' 46 + 36z/ " 

This inequality holds in view of the definition of v and the conditions on 7. This completes 
the proof of the lemma. □ 



17 The proof of Theorem 2.1. 



Let 7 < ,/3g|^23 " choose eo such that eo G (0, ^) and 7 ^ 



2500^ 



/369+23 



Sep. Then it 

follows from Lemma 16.6 -16.15 that the first integral in the right side of (16.3) is less than 



^ , that is, 



1 

iV ^ 



SNi- + 



q N' 



dK < 



N ' 



(I7.I; 
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. Substituting (17.1) and the results of Lemma 16.3 -16.5 in Lemma 16.2, we obtain 

"1 



1^ 



N 



de < 



N\ 







for 7 < 



27-^633 
16 ■ 



^17.2) 



Thus the inequahty (7.5) is proved. This, as it was proved in the section ^ is enough for 
proving Theorem |2.1[ This completes the proof of the theorem. 



Remark 17.1. As mentioned in Remark 2.2 the condition (2.1) can he replaced by 

(qK) 



+4eo 



<Y <X. 



(17.3) 



After the n eces sary changes of Lemma 15.1 we obtain that the oy timal v alue of the parameter 
^^^q"-*-^ = 0,59.... Hence, the statements of Lemma i^J.i^, ( 16.15) hold for '-y ^ 
- lOeo, Co G (0, 2^)- Then it follows from Lemma 



V IS V 
25 



114+2V2274 



of Theorem 2. 1 hold for 



16.6 



16.15 that the statement 



25 



114 + 2^2274 



0,8805.... 



(17.4) 



CnHCOK jiHTepaxypbi 

[1] J. BOURGAIN, A. KONTOROVICH. On Zaremba's conjecture, preprint available at 
arXiv:1107.3776(2011) 

[2] J. BouRGAiN, A. KONTOROVICH, P.Sarnak. Sector estimates for hyperbohc 
isometrics. GAFA, 20(5):1175-1200,2010. 

[3] D. Hensley. The HausdorfT dimensions of some conttinued fraction cantor sets, J. 
Number Theory 33(2) (1989), 182-198 

[4] D. Hensley. The distribution of badly approximable numbers and continuants with 
bounded digits. Theorie des nombres (Quebec, PQ, 1987), 371-385, de Gruyter, Berlin, 
1989. 

[5] D. Hensley. The distribution of badly approximable rationals and continuants with 
bounded digits II. J. Number Theory 34:3 (1990), 293-334. 

[6] H. IWANIEC, E. KOWALSKL Analytic number theory, American Mathemaical Society 
Colloquim Publications, vol 53, 2004 

[7] O. Jenkinson. On the density of Hausdorff dimensions of bounded type continued 
fraction sets: the Texan conjecture. Stochastics and Dynamics, 4 (2004), 63-76. 

[8] D.E. Knuth. Notes on generalized Dedekind sums. Acta Arith. 33 (1977), 297-325. 

[9] D.E. Knuth, A.C. Yao. Analysis of thesubstractive algorithm for gretest common 
divisors. -Proc.Nat.Acad.USA,v.72,K5l2,1975,4720-4722 

[10] E. Landau. Vorlesungen iiber Zahlentheorie. Vol. 2, New York, 1969. 

[11] N.G. MOSHCHEVITIN. On some open problems in diophantine approximation, preprint 
available at arXiv:1202.4539v4 



68 



[12] S.K. Zaremba. La methode des "bons treillis"pour le calcul des integerales multiples. 
In Applications of number theory to numerical analysis, pages 39-119. Academic Press, 
New York, 1972. 

[13] R. Graham, D. Knuth, O. Patashnik. Concrete Mathematics: A Foundation for 
Computer Science, 1994. 

[14] S.V. KONYAGIN. Estimates for trigonometric sums over subgroups and for Gauss sums. 
Moscow, 2002. (in Russian) 

[15] N.M. KOROBOV. Number-theoretic methods in approximate analysis. (in Russian) 
Moscow,1963. 

[16] N.M. KOROBOV. Exponential Sums and Their Apphcations. Kluwer Academic 
Pub,1992. 

D.A. Frolenkov 

Steklov Mathematical Institute 

Guhkina str., 8, 

119991, Moscow, Russia 
e-mail: frolenkov_adv@mail.ru 

I.D. Kan 

Department of Number theory 

Moscow State University 
e-mail: igor.kan@list.ru 



69 



